COUNTRBLE AND UNCOUNTABLE SETS

LET A v B BE Two momsnpry'esr&. A FUNETIonN
| €:A—->8

FRON A To B is Smp 1o BE :rua’Ecnue ConE - Ta ONE ) 1F a,,azeﬂ

_B"ISHNCT Poinrs o 8- ) s EQuIgnLENTLY, € s INTECTIOE. ;F.,gm.,)_

onLy 1F
p(Q-,) z p(—q_tf) = Q, s & .

. In THIS CASE, € 1S CALLED AN INTECTION.

‘mfﬂm’ C:A>r8 s .S*H;?JECTJUE LonTo)y IF, FOR 5;159)/& € g-)

77151?1:" 15 A Q E A Fer whHicH Clay= b r.EuER_ymiNc;‘ m B g
THE INBEE OF SonETMING 1N A D, € 1S THEN SAID TO BE A

- SURJECTION .

€A > B 1S BIJECTIVE (0R A BIJECTIEN ) 1F IT 1S BOTH

" INJECTIVE AND SURTECTIVE .

Two SETS A Ao B ARE SAID To HAVE THE SHIIE CARDINALITY

- CoRiTTEN A~B ) IF THERE IS A BIJECTIVE N1AP € oF A onto .
A 1S EINITE IF [T 1S EITHER EAPTY OR HAS THE SANE CARDIWNALITY - AS

- {s ,n} FOR SenEne NN LTHEN N 15 CHLLED THE CARD INBLITY oF

ﬂ AND wE wRITE 1A1= D ;5 A=@ wedpeFPE | gl=0), IF A Is

NOT FIITE #T 1S SAID TO BE INFINIIE . -




EYANPLES !

1. DENOTE BY QAN THE SET oF ALL EVEN NATURAL NUNBERS, T.E.,

QN = fan:nen}.
DEFINE €: W = IN By

‘écn)' =20,
THEN € 15 INJECTIVE SINCE

€, )= €y = I, =2, S0, =0,

AND SURJECTIVE SincE ANY 2B ¢ 2N 15 TWE INAGE oF £
UMDER €, I.E.,

| Ch) =28 .

S, N ane ANV BAVE THE SAPE CORDINALITY -

NN~ A

(EVEN THOUGH 2N 15 A PROPER SUBSET oF W ).

3. wE SHOw THAT N AN Z, HAVE THE SPNE CARDINALITY. wr
DEFINE A NP € : N — Z BASED on THE FOLLOWING

DIACRAN :
N S N 2 3 4 &5 ---
3 $oL
Z % ol R

| SPECIFICALLY , WE DE FINE

&Q , IF 018 EUEN

Cny = n-l , IF N IS5 00D

-

)




WE SHeW THAT € 1S A BITECTION.

INJECTIVE :  SUPPOSE €10, ) = €N, ), IF THIS 1S NEGATIVE
THEN N, AND B, NUST BE EVEN ANp |

o B _ Ty

=2 )

S
;)5 %n‘a,

CIF P, ) = LNy ) 1S Nor-NEGRTIVE, THEN

n, AND Dy VST BE ©DL ANVD

n,- n, -}
ST Y Ta
Soe ' .
n, =0,

THLS, Ceny ) =Eenyy S on, =y,

SURIECTIVE L&'Tme Z. THEN

o 1-)

S M=0 = m= = eu)

meo = ms= - --—-i@? = €L-2n)
e S tRMF) =) |

THVS, EVERY ™ € B 151 mHE INPGE ofF €.

THUS,
D~ AV,

A SET A wiTh THE SPIE CARDINALITY. AS N (£.6., 2NV Ao Z )
18 3AID TP BE CopNTHBLY INFIRITE § IF .18 EITHER FINVITE

OR COUNTABLY [NFINITE , THEN 1T 1S SPID To BE CovnTRBLE




NOTE ! INTOITIVELY, ONE THINKS OF £ Coon)TRBLY INFINITE SET AS

+

ONE wHOSE ELENENTS CAV BE " LISTED IV A SEQUENCE ¢

SUPPOSE €: N ->H 1S A B)JEC??QM.‘
 pEFINE
a,= €, &, =€), ..., G, = €0, ---
THEN
Az{a,,a,,..,8,,..- §.

A SET THAT 1S NoT COumTABLE 18 SHID T BE vIVCOLNTABLE

WE will SEF NORE INTERESTING EXPOPLES SHORTLY , B-u}", HERE

1S OWE,

FOR ANY SET /) wE DEFINE T1/E POWER SET
oF A, DENGTED o’!ﬁ, To BE THE SET oF
 ALL SUBSETS oF A, E.G., IF
| A= 11,3,3%
mew | |
27 = { @08 428,135 41,25, 1n3r 423, 12,35 )

‘ Al
¢ NoTE THOT, Ny THIS EXANPLE Anyewny, 1271=2"7")

| A
LEMPA ¢ THERE 15 NO SURIECTIVE npP oF A enro X .

NOTE : N PARTICOLAR, THERE 15 WO

o B:JEC:TJON oF N ovio o\V‘ SICcE

| '.e-zw 1S CERTAINLY NOT F/Niyf ) i?’ 15
oT COONTPBLE, T.E, R 1S UNCOUNTBBLE,




sty Y Sm—

) s
PROOF OF MIE LEVWIH :  LET € : A > 2" gs Ay npp,
CONSIDER THE SET |

B=1behA: b gebs}

_ . N
THIS 1S A SLBSET oF A, 1.6., AV ELENENT OF ! . WE CLAIND
THAT 1T CANNOT BE IV THE WINGE OF €  ( So TAAT € 15 noT

SURJECTIVE ),

SUPPOSE , T0 THE CONTRARY, THAT B = o FOR SoflE A €N,

NOTE THAT O CANNOT BE IN THE SET B SIEE

ae B =§> .G.¢c@£ﬁ.=)=3.

s, o f B. or.THEN, BY DEFWITIONOF B, Q€ €)= B o
TS 1S H CoNTRADICTION. - 0

70 FIND SONE INTERESTING EXBNPLES 10 R wre wir NEED T oBTA

SoNE GENERBL ToOLS | tORICH WE NOow PROCEED T2 DO.

LEwng :  LET A -BE ANY INFINITE SET, THEN TWERE EXISTS AN INJECTIVE -

AP FRen NN wie .

PROOF 1 wE NUST CondSTRUCT SONE NAP @ : AV —> A socy THIT
n#En, = €n, 3 # €wy), THE CONSTRUCTION contl BE

INDVCTIVE

NOTE :  wE HAVE PROVED naNy THWGS BY INDVCTION,
BUT TS 15 THE FIRST TinE WE HAVE ConSTRUCTED
SpNETHING BY INDUCTLON S0 WE Wikl EXPLAIN wi?AT




THIS '_nEanJ.s‘. BASICALLY | o€ conLL DEFINE Cu)
AND THEN | ASSUNING THRT, FOR SonE B+ 3,
€, ..., wB-i) nave ALL BEEN DEFINED AN -
HDVE THE PROPERTY THAT “Cii> # €(d) FoR
HIP I N s', Jz=1 - .Q-! , WE will DEFINE ‘&_E)
N SueH A Loy 77!?37 €L #edy FoR ”"".,
;’,‘ J =1y, J?. TH1S PROVES THE EX)STEN CE
OF B Cin)E A Ve N T i)t eidd
ForR 1 #d, 1,320,000 Avp SO WE HOVE P
nep € : N> A, <« ﬂuST“ BE fnJJ'EcnoE
SWeE , 1F D, * Dy | THEN wiTouT LOSS OF
Gmemwr, Ny 2N, Avd, BY THE @nsrrmou
oF ‘sz 3, €wy) #€ny ),

NOW FoR THE COnNSTRUCTION. (7 15 WFwiTE So A # & Avo So
WE CAN SELECT SONE A, € /A Aro DEANE

@) = a, .

JUST To GET AN IDEP oF cwohnT THE WNDUCTION Ll LooX Lie LET'S
ALSO ConSTRUCT €(2),

nore mpar A -1a} 4 @ swmce ornerawse €: 41y > A
€ = A, | woulh BE-H BIJECTION AND wE wovLlD HAVE

11 = |, THUS, WE CAN CioasE Oy ¢ A -{a,} AnD DEFINE

€)= Qg | - . |

IN PARTICOLAR , € (1) # €2), o | |



| NOwW SUPPOSE E HAVE DEFINED €, ..., €181 nv A Sucw AT
CLid# eLd ) FOR l.-#d", ;‘J' =)y ey -g”l. THEN

A-ten, _eli>fy +& sivcE omEranse €: i b - A
woLLD BE A BISECTION AnD wE wiould #E 1A )= b-1. THUS, wE
CON CHERSE AN @, € A-teu), .. e} B0 DERNE

‘6:5’) = Q,ﬁ .
TEN €D # €5, d= 0, B o e INDUCTION HYPOIHESIS
GIVES €Cid#@s) Fop i#d, 1,3 =1, & 5s reguipep, HUS,
- o> 15 DEFINED FOR EVERY NEN BNO €N > 15
W IECTIVE, | - : - n

E?EE’CiSE i+ PROVE THAT ANY ANFINITE SET
- GONTBING A COUNTIIBLY INFINITE SUBSET,

THEOREN @ EVERY SUBSET oF B COUNTPBLE SET IS COUNTRBLE ,

- PRooF : ISUPPbSE A 15 CoonTRBLE. IF A= @, THEN THE ONLY sogsif -

oF A IS @ , which IS FINITE AYD THEREFORE (DUNTHBLE. . TH0S,
wE AsSunE A+ 8,

EXERCISE 2 ¢ SHow THAT 1F A 15 FINITE, T9EN) BVERY

SUBSET afF hH 1S FIZNITE. ( And THEREFORE COVNTIBLE ).

C THS, wE PSSUNE P 1S COLNTNRLY INFIWITE,




LET B BE A SUBSET oF A. IF 8 is ANITE, TBEN IT 1S CoOnTOBIE

SO WE M3y AssSune B 15 FHYITE |

YO SHow Tar B is COVNTABLY WFINITE wWE BEGIW BY cHoosing

K 'BIJc-:cno;u
' € : NV -5

OF N onto A,  NEXT WE DEFINE A NpP

lPB I\ \V

A5 FoLLOWS ¢ EVERY ELEZENT oF B € /A 15 THE INPGE ONDER
€ oF SonE NPILRAL NUNBER So- THE SET oF 1L Be N Fop

wrien Ch) e B 1s NonETPTY. By THE CWELL~ORDERING

PRIWCIPLE WE Dy THEREFORE DEFINE
1) = THE LERST N € N FaR wmieh iR e B

S0, m PORTICLLAR, € (¥ )E B ),

Now SopPose B w2 pno Yo, ., P Boy> vhuE BEEN DEFANED
8O TPOT Yy u) < - W) avp tew o, €W b-ny f.< B
SINCE B- 1S INFIOE, 3 - {‘awem)d,_*, CP k) f 7 B so
WE CAN oafmé | |

| Y ) = THE LEAST N eV Sueh THET

R N Fatb) Ao )€ B,

. ¢ So, v PARTICOLAR, € ¥ (£>) e B Avd ¥ B> ¥y,




HOS, Hgude--c B fy pwp { €y ), €y § < B,
THIS CONPLETES THE INDUCTIVE CONSTRICTION OF P 78P
Yo ! AV - v
WHT SBTISFIES |
Yoo < 95 a)<-.n

(S0 4’3 15 INJECTIVE D) Prp ‘ewfgcm) e'g Y ne Av,

NoW CorgSIDER THE CONPoSTION

Co i N> B,

IT 1S INJECTIVE BECHLSE BoTh P

3 A € PRE INJECTIVE,

To SEE THHT IT 15 SU}?JEC.‘??UE) LET be B. Swce
€: N .-.> A 15 B BiaECHSN AID Bsp, 3! ﬁ'e N ST
?t@ > = b. we nvst swow THAT B = %@) FoR SonE nE A\;‘.
- SVPPOSE maf, I.E., SuPPOSE J& ;e.- %m} FoRr P= 2, -~=
THEW, SINCE Y c1) < 4L, @d<--- , 1nenN:Be s f s
NONENPTY AND WE 19y SET

N, = THE LEAST N € W s.7, R < Yuwd
THEN n, # )} SIveeE L%CI) 1S THE LEAST Ppsmufwﬁase FoR
a)l_‘ﬁeH ‘f’(l}{; )€ B avd Ch)E B So ,@ < Y2 1)) 1S INPOSSIBLE,
. T'HU.S.,._D‘," € N 35p: %mo-:) ‘s' B < qéma)" BUT By suP

DEFINITION, ¥3t0,) 1S THE LEAST PosiTIVE INTEGER GREATER




Jo
TN Pyen,-1) 'w&oés IFIAGE UNDER € 15 in B So
T7f75 CorTRADICTS TE FACT 1937 €B D € B, THUS, 14 nusrT BE
Yo(nd) FOR SonE n €N ﬂ:vb Coly | N —>B s SURIECTIVE

AS WELL pS INTECTIOE ., B 15 THEREFORE CouvrvTARLY
INFIVITE, o
| EXERCISE 3 ¢ SHOwW THATIF THERE 1S AN

INFECTIVE NAP of A o' N, maEn A 15

COLNTABLE,

TvEOREN : IF A Avp B PRE COUNTHBLE, THEN THE CARTESIAN
PRoDLCT B
. AxB = {CA,b).faéﬂJbeB.}

]S ALSo CoUNTRBLE,

PROOF !

EXERCISE ¥ : SHow THAT IT 15 ENOUGH To PRovE |
THE THECRER toBEN f avp. B ARE CovnTPBLY
INFIVITE | '

CHDOSING BIJECTIONS oF N ownto A Avd B wE €A WRITE
¢h3 on PPCE 4 )

A=1a,a,, .-}

AnD , '
B=1b, by, }.

DEFINE
€:AxB ~> N
. By




/,

c@(an,-bm ) = .Qn(a?m-i).

WE CLAIN THHT € 15 INJECTIVE (So AxB 15 CoONTDBLE BY
EXERCISE 3 ). To SEE TS NOTE THBT

Qf(dn",bm‘ ,)-' ?Lanz,bmz") =

n

2" am,-13 = 2 tamy ).

SUPPOSE | wiTHOVT LOSS OF GENWERALITY, THAT N, > n, . THEN
| n,-n,
2 (aAm, =) ) = XM, -1,
BUT am,-) 15 oDD So WE NUST BAVE N, -0y =0, I.E,
n, 3172 . THUS,
2m, -1 =<2m, -1

- So m,:mz'. THLS,

Ca, by, >=(ay, , b, )

So €15 INIECTIVE, o 0

COROLLARY @ THE SET & OF RPTONAL NUNBERS IS
CoUONTABLY INFINITE

PRoOoOF :  Fped RATIONAL NOIBER CAN BE UNIQUELY ioi?:n'E:U AS

T, wHERE M AND N HAVE N2 Connon FACTORS GREASTER THAN

I Aavp D > 0. DEFINE
C: @] — ZxN

By
€t 2',-;,_.)3 Lm,ﬂ).




3,

€ 1S INJECTIVE BECAHUVSE

m m
e a )= (C'(";—;f) = (M,,0,) = (m,,7,)
"y M

= T, = n,

L X N 1S coonTABLY NNFINITE By THE PREVIODS THEORED
S C(AdE LxN 1S CovrdOTIBIE (AND NOT FINITE ),

THos, WE CArv CHooSE B BITECTION
Y eca) > N,
CSINCE €' R = CLR) 15 A BITECTION So 1S

Yo€¢ ! AR —->l\\/
Soe @~ N, . 0

EXERCISE 5~ ! SHow THAT A COONTRABLE ONION
OF COUNTHBLE SETS IS COUNTBBLE, T E., IF
A, IS B CoLNTPBIE SET FOR EACH N=1,2,---

o0
mevy (U A, 1S CounTABLE,
' Ty '

NEXT WE will SHOW THAT TIE SET IR OF REAL NUNBERS 15 OMWCOUNTHBLE,
IN FACT, WE SHoW THAT ANy SVRBSET OF IR THAT CoNTAINS An

INTERVAL (a,b) , a<b, 15 ovcovnTRBLE,

EXERCISE G © FID A BIJECTION OF (o)1)

onTD  (a, b)) AND ComcLodE MAT (a,b) ~ (1)




/3,

THUS, IF WE CAN SHsw) THAT (2,1 1S, UNCOONTPELE IT witl FOLLOW
THAT EVERY €a.b) 1S wncounTPBLE. JIOREOVER, SWweE A 3u3.sé'r
oF A COUNTABLE SET 1S COUNTIRLE, ANY SUBSET of IR THAT
Conrping AN (a, b)) 5957')9:.30 BE UNCOUTRBLE; 1N PARTICULAR, |

- IR 1TSELF 1S UNCOUNTNBLE,

A SUBSEToF IR WEED NOT CONTHIN AN INTERVAL IV ORDER TO BE

ONCOUILTABLE . INDEED, SHWCE R 15 COUNTABLE AND THE LMIGH

of TwWO CourITABLE SETS 1S coumTIBLE, THE SET IR-@ oF
IRRATIONBL NUABERS MUST BE UNCOUNTRIBLE  (ASS0umVG, OF COURSE, |
THOT WE RCTUBLLY PROVE THAT (o,1), AvD THEREFORE IR , 15
UNCOUNTABLE ), | | |

THUS, OUR TASK IS TO SHow THAT (,1) 15 UNCOUNTIBLE .

THE USUAL whY Te Do THIS IS T0 USE AN INGENIOUS  DINGonAL. ARCONENT
DUE To CANTOR . THIS USES T)jE FACT THOT THE REAL NUNBERS o v

Co,V) HAVE DECINAL REPRESENTHTIONS

o = o, Q,'Qz q.i_ qq -
QJHE’?EI Q. A_E {fo,t, 2, .".-‘--;‘q ¥ ror ’Eﬁc,”' €N, Hawgvg}?& m EXISTEWCE
OF THESE DECINAL REPRESENTANOWS:IS NOT OBVIOUS AND FROVING THAT

| IHEY EXIST 15243 BIT TEDIOUS ¢ ALTHOUGH Ei}l-‘gxom&.z,;ﬁ‘lfaa'gil GO THROUGH

T ONCE 1N THEIR-LIVES ), - wE - PREFER TO:

GPEND THE TINE DEVELOPING, 3 )

ANOTHER: ARGUNENT TUAT: 15:0: 81T NoRe: " ToPorodres

- AVD . [1PS AMPERTANT. GCENERALIZATIONS., wEBEGleT” -



4,

THE CANTOR INTERSECTION THEORER ! SUPPOSE TWAT, FOR EACK I € NV,

oy by 315 P CLOSED, BOUNDED WTERVAL v R Anvd THHT

Lanbd 2La,,b,] 2 21020, bi 22 (2, b 2 - .

THEN -
(MY La,, b1+ ¢
= )
PROOF 1 FIRST NOTICE THAT, FOR ALL n,m € N,
o, £ 'Lm )

INDEED, IF WE LET .& = nmﬁ (0, m)} THEN Ea_a, !?_&‘ lJe fa,,b, ]

S0 @yt @, Aaw rag, by Tela, b, so by ¢ b, . s,
Op & oy gf:{ ¢ by

s, {4 n€N T s BounbED Asove 6y avy b, . Ler

C = sop -{ a, :nen} .

L e18 Av LPRER BowwD ) Anp

CC t5 TE LEAST UPPER BouwD. mva) Eﬁcﬁ l: :5 ﬂm UPPER - GoumD: )

VT_HUS, ¢ e [a,,b, J Yne N, I.&, C e ﬂ Ea.,,,l;,,] b

NSy

| COROLLARY : THE INTERVAL. (6;1) v R 1S UNCOUNTABLE ,




5,

- PRooF ! wWE will SHow TAT no coo:omm.& SET {X, %3, }

‘oF ‘REAL NUNBERS 1 (0,1) can CONTHIWN ALL oF THE REAL MUNBERS

IN Lo,1), FoR THIS WE wnl REPE»TED USE THE FOLLOWING

ORBSERVATION

GWEN A wwfnpry OPENV INTERUAL (a, L) w IR
awp Ay XER, 3 c<d socn AT [e,dl¢ ab)
aw X & tedl

CIF THIS 1SN T CONPLETELY 0BWIOVS To You THEN WRITE OUT A PROOF. )

m‘os', WE 0AW CHPPSE A, ¢ L, svcH THAT Lay,b, ] € €o,1) Anp
X, ¢ [a.,L 3. rai-aw ASSUNE (FOR AN IWDUCTIVE ConSTRUCTION )
nmr A5 1 oo maT we HAVE chosEn a, b, ... a, L-Q sueh

mar a.< b, For -, . ﬁ.“= fa.

P

L:i'l ] E (CL.."L:") FDR |

,‘::l,---,.r-ﬂ_--_lt AND X, ¢ La.,l; d ror iz .--' B e

'onsswanau ABOVE TH’EN ALLOWS 1S TO CHOOSE _, < b, 84, SueH

e [ «&n*l’ nls M&,k ) o X, g [a a,. *kﬁﬂ}', _.
S, WE HAVE mDoc:ﬂUcLY BEFWED FOR €dcH n € AV A |
cwao mrfwm E%,B J svch THAT x ¢ [A,,,L ] AnD

La,,,, er J cqml:,, Jds Ec\,,,b 3. BY—-TI)E' -PRE-vaous
f'_—n}aazesn N Lan b, J +¢. IF xXe€ A L«o b, ]

: =y =
| THEN X # g ¥ he I\V SiE X, ¢ Can, by ], Hawévét? X
TN (0;‘5) SIWCE" ca,') 2 ta,,b 12 Eﬂ,,h J "f',

- THOS, -{K-.‘,?‘z,--o'j enmmar EXWAVST ALL OF (o, By AND THE

PROOF 15 CONPLETE, . S 0




/6}

- ADDIMIONGL PROBLENS :

w0,

H,

AL

- SHOW TynT THE SET OF ALL FUNCTIONS FRon N To {o.0} 15

UNCOUNTRBLE.

- SHow THAT " $AnE corpmaLry ' ~ 1S )9:0 EQUIVALENCE
BELATION , 1. E., 1F A, 8 pd C ARE SETS, THEN
i) A~ A
Ca) A “‘_‘B = B~A
i) A~B Awp B~C = A~g

§How THAT THE SET oF ALL FIITE SUBSETS OF NV IS CoonTIBLE

LET D' BE THE SET oF POINVTS IN THE PLANE SATISFYING
x2+y%e ). SHow T THE SET OF Poivrs 18 D wirh 8ol

COORDINATES ROTIONAL /5 COUNTBBLE .

SHow AT £2,3] Anp (2,330 i4} HAVE THE SRNE
cﬂno}-n‘muryj,_ ' f_i_lr_u_T : THNK ABOUT ELQ;JJn @ Ano
« c-v,-,a_-):qiufr)h Q.

Show mar Any SET. OF Pau?wase DisJoivT, NomEnPTY oPEN
nure:?vm.s v Mg CaumreBLE |

LET /} BE Bu INFINITE SET AvD B A couwTRBLy HWOFINITE SET

- WITH ﬁa 8 = ¢ smmwr AuB s Wsmz CARDINBLTY AS A |
: ,mmr. 3»0w mnr ﬂIE:?E s A BIJ'ECHON <e oF B ewro

svass/r ‘&a) oF A Avo MEN Fivp A S:Jscﬂanz oF <ec3) '

v A PROPER SOBSET oF ‘€¢3),




SOLUTIONS TO THE EXERCISES :

1. A AN INFINITE SET.  THEN THERE 1S AN IWIECHIVE
170 € o N wro A. THEW @i N —> ‘eu\\/) 18

A BITECTION S0 CLND € A 1S CoOUNTABIE

g, rﬂ A FIZNTE SET, TIEMN FoR SonE n &N THERE .ts A
- BISECTION € Lhen}t = A oF {1,.,0] owro A,
LET B BE A SoBSETOF A. IF B =g, ™WENW 17 s

FIVITE So -suféas&' B+, mEYD B )is A

NONEAPTY SUBSET oF {4,---, N } , 8AY,
Ce"(B:) = { l" 3= l'_& j
- THEN | |
B B = { ‘ec_:. DI of 4 -'_g 3 } .
NOW | ' | | o
. ) i -l s
Wiy 8 > € B
| BERRS TV SR AT
18 H e'aJEcnoad AnND 80 15
€ _“f-,t-:"s) - B
So | o
o it bi—> B

18 & BIJECTION AvD THEREFoRE | B = K,

3. LET €. A - A éE mi&nué. THEN ‘elml). 1S COUWTABLE
(BEING A SUBSET oF A COUNTHBLE SET). <o 'méf?s 15 A BITECTION
Y or €A onTo EmmER N BR 1),..yn } For Sone nE N,
HEN - Wo € 15 A BITECTION oF A onvo E1THER N or £l 0 }
so A 1s couNTPBLE,




9.

. 'SUPPM: WE HIWE Showw et AXB 1S CounmBLE wm’:wEuEQ

A ano B pre CounTABLY INFINITE,  IF EinER A’ or B'
18 FINITE wE AN CoNSIDER A= N’y A\} ANVD B Buav,
THEN A AnD B ARE COUNTABLY INFINITE S0 HXB s
CounTRBLE, BT A'x B’ ¢ AXB 50 AXB' s ALSO
CounTABLE, |

SuPPOSE A, 15 COUNTPBLE FoR EACH N=1,2,...  WE Show THAT

G H,., 1S CounNTRBLE. AS v EXERCISE H 17 13 Evovsy To

PROVE TH1S WHEN Bt‘}cﬁ ﬁ 18 COUNTABLY BNFIVITE - (| ANY FiviTE

A

), CAN BE ENL&R&&D 0 A COONTABLY INFINITE SET U An

1S CONTMINED N THE UNION. oF THE ENLARGED SETS . pND

SUBSET of A CouNTRBLE SET IS COONMBLE ),

. mUS',VLE«;T- l ﬂﬂ-= 'E anry-dﬂl » '"z.qnm F At j ForR N=42, --~
’ U -ﬁn = { Bom * O,m € I\Y j'

Py
THE npp
a | % U R, — NxN

n=, |
fe_(q‘_;m ) = o, ™ )
1S INTECTIVE SICE |
| A, m, + Qg = M) F (o, ™, )

| = Ay, ) # ‘ecanzmb)

IF l.U iwxn\/ ~5 AV a8 A enJEcmw 'mEN
R P 4K :U B 7:\\1 s :mascnu& So. U A, 1 ZvummBLE‘

0=, : 0-4




b, “€: 10,0) > (ab) peFneED By

1

@Ix) = éb-mx + A

18 InN JECTIVE

KD =X, ) =5 (b-adx, ta T th-adX, + 4

= A,=X,
AND  SURIECTIVE

ye (mb) = e tad Aw

e(5z) 7

AVD S0 15 A BIJECNON,

4,




