DERIVATIVES, INTEGRALS AND THE FUNDANENTAL THEORED oF CALLULUS

A QUICK AERIAL SURVEY
oF THE TERRAIN

HERE'S A FACT FRON PHYSICS (WE wiLL SEE WHY IT IS TRVE SHORTLY ),

A BALL THRowN VERTICALLY UPWARD FRonN THE GROLND AT AN INITIBL
SPEED oF G4 FT/sec winl , LsEc LATER, wAvE A WEIGHT S (IWFEET)

GIVEN BY

-

Tine &

Y
S:=85tk )= -1t +644

GRouwD
TINE O

¢ AT LEAST DOTIL IT MITS THE GROVIND AGAIV ),

48

EC., SU) = =161 40Y.1 =
$(2) = )" 46H. 2 = ¢4
Sy = w3 tey.3 =48
St) = ~W-4'4e4.4 =0

CRAPH oF SUE) :
S: -m,t'; X'y
(1]

o




NoTE : TME AVERAGCE VELOCITY OoF TWE BALL OVER THE TINE INTERVAL
Fmen £:= 1 1 d=23 s

DISPLACENENT $2)- St Y -48
-1) ‘Sl) = — = FT/sEc

LENET oF TINE INTERVAL

WHICH 1S ALSO THE SLOPE oF THE STRAIEHT LINE JOINING THE PoINTS

€1,S000) = (1,48) AND (Q, S12>) = (3,64 ) on THE GRAPY oF SUE )

$ta) = &M
Sc1) = 98

SiLARLY, THE AVERAGE VELoCITY oF THE BALL BETWEEN £:2 Anvo £=3
1§ =~ Ib FTISEC PND THIS 1S THE SLOPE oF THE LINE Jowing

€2,04) AnvD (3,48)

NEXT, LET'S CONPUTE THE AVERAGE VELociTy of THE BALL OVER

Song " sopLL” TNEINTERvAL Fron 1 °1 T A= 1+ h

( h 15 JUST sone “snAL ", BUT NOMZERD NUNBER ) |



3u+h)1‘ <
Sut) =48 +

¢ + - #
I k+h |

SCi+h)- su1) —le Qb EedCIh) - 48

h ) h
. —le Curah vh) el Feyh - 48
: .
A
= =46 -32h - b Y HHh - 48
—16h" +32h
= — = |-16h +32
:  SLOPE OF THE LINE JoINING THE POINTS

€y SEn) AvD (L+h, Scikh)) on THE
CRAPH oF SU&),

THIS 15 TRUE FoR ANy nowzeRo h.  IF b 15 veRy snAL, TwE BALL HAs

1S VERy CLOSE T0 THE BALL'S VELocily AT £ =1

( " WSTANTANEOUS VELoCITY ) )




As h 1s cwosew croser Ao CLoSER 0 O, THE AVERAGE

VELOCITY OVER THE TinE INTERVAL [ 1, 1+h ] GETS CLOSER

AVD CLOSER To THE INSTANTANVEoUS VELocITy AT L= |,

BUT 1T°S CLEAR THAT AS h 15 chosen cLosER AvD cLosER To O,

- Jbh + 32 GETS CLOSER AND cLOSER T 32 so ™E

INSTANTANEOVS VELoCITy OF THE BALL AT A= 1 nusT BE

3a Fri/sec,

IN THE PICTURE , THE AVERAGE VELociTy OVER L1, 1+h ] 15 ™ME

SLOPE OF TWE LINE Jowwmnve (1,5(0) Anvd (13h, scivhy)

avo , As h 1s cyosen cLosER AND cLosER T O,

THESE GET CLOSER AND CLOSER To THE SLOPE oF THE LINE THAT

JusT "GRAZES " THE GRAPH oF S AT L1, St ) CALLED

THE TRANGENT LIVE " O THE GRAPY AT £ = | .



S SLOPE = 3&
r‘/ = INSTANTANEOLS VELoCIiTy AT £= 1
) ]
, S=st): -1t + 44
Ng ¢ e
-— N y &

IN THE JARGON OF CALCLLLUS WE SAY TMAT THE INSTANTANEOVS

VELocity AT £ = | (SLOPE oF THE TRIVGENT LINE To THE GRAPH

oF Sit) AT £=1) 15 " m™E LmT, AS h GoES To O, OF

TNE AVERHGE VELoCiTy OVER THE TInE INTERVAL LI, 1+h )

[

( SLOPE oF THE LINE JTOIOING L), SUL1)) AVD (1ih, St14h>) )

svnsoumuy, WE wILL WRITE TS AS

-1wh432 — 32 as h—o

OR

hin C(-1h #32) = 32
h=> 0

NOTE : FOR THE TINE BEIVE WE wiILl USE SYnBoLS LIKE TS

SORT OF fﬂ‘DBLlY, AS A (ONVENIENT SHORTHAND. SOoN WE Wil

HAVE A NoPE CAREFUL DiscvsSion oF SucH " LimiTs '



NEXT, LET'S Do FoR AN ARBITRARY £ wwar wE JusT DID FoR 4= ),
[

[

n/ S=S)z 10t revit

- - -—— t

INSTANTANEOLS VELoCiTy a1 Tne £ = wuinir, as h coes ™ o, of

TWE AVERAGE VELOCITY OVER
™E TN INTERVAL L1, kih)

Stteh) - Sid)
'lﬂ ’7 .

h-»0

SLOPE OF TWE THNGENT LINE
To T™HE GRAPY oF Stt) AT Lk

sash)-st)  L-nekehtreyitand] - Lt 1644 ]
h © h
IR - 324k - 1K 1O 1LYh + Iod - M4
i h
<324) - 16ht 4 eh
- h

= =324 - 16h + &4



AS h— 0  -32L-1h et — _334 o4 so

Stt+h)-sit)
h - - 321 ¢ “/

lin
h~o

E.G., INSTANTANEOVS VELOCITY ( SLOPE of TANGENT LINE ) AT

P T ~3AU)+¢Y = 32 CAS BEFORE )
A= = 15 =3atE)eew = 48
£:=3 1S -32(3)+64 = -3
L= M 15 -3y)eeM = -¢Y
S
SLOPE = INSTANTANEQUS VELoCITY AT A
sty 4 z ~-33L + 64

k3
S:=8S¢)=-1t +¢4t
ﬂ/ )

menessae t

WE WILL ConE BACK T0 THIS EXANPLE ( AND T NANY OTHER EXANPLES oF

NOTIonN ALONG A STRAICHT LIvE " ) SOoOoN,

FIRST, wE
GENERALIZE

VELOCITY L EITIER AVERAGE OR INSTANTANEOVS ) IS THE RATE
OF CHANGE oF PosiTioN .



NOow WE'LL DO FOR AN ARBITRARY FYNCTION y = P; X) AT A PownT

X IV ITS DONAIN WHAT wE JusT DID FOR ThE PoSinon FUNCTIoN

oF THE BALL AT X
VA Fexd

e — SECANT LINE

Foxeh)d ex+h, Poxvhs )

o TANGENT LINE

Fex) /

AVERAGE RATE oF chANGE of Fix) ovER THE mTERVAL [X, % +h]

Pexth) - Puxd
h

= SLOPE of THE SECANT LINE THROVGH THE PoinoTs

ox,fx)) avo (x+h, Rxth) ) ow THE GRAPH oF fx)

INSTANTANESOLS RATE oF CHANGE of Fux) AT X

(4]

wHAT THE AVERAGE RATE oF CHANGE OVER [X,X+h)
APPRoACHES AS h— o

SLOPE oF TANGENT LINE AT (X, fux) )

lim Fex+hy-hx)
h=>o h




| 3
LET'S Do AN EXANPLE : LeT  Fux) = X~ Awo FivD

tay THE AVERAGE RATE of chAnGE ofF fux) over me
INTERVAL [1,2] .,

¢b) THE AVERAGE RATE oF CHANGE ofF Fux) oveER TrE
INTERVAL L[1,14h],

tc) THE INSTANTANEOVS RATE oF CHANGE OF Fux)

aT X = |.

dy THE INSTANTRNEOUS RATE OF CHANGE oF Fix)

AT AN PRBITRARY X

. AVERAGE RATE oF CHANGE ofF Fix) s x°
f « OVER THE INTERVAL [1,2]
t
= SLOPE OF THE SECANT LINE JOIOWEG
yehoo = x? ¢, fenrd amo (1, Fray)
M k-1
3 3
. Fezd-Fun . 27-10 .
2-1 v
Y
(o) | | AVERAGE RATE of CHANGE ofF fix)s %’
OVER THE INTERVAL L1, 14h])
—7 MY x
/ S SLOPE oF THE SECANT LINE JoInING
{ e, fes) Avo €1 eh, Fashy)
y.-.cbi):X’ , 3 ?
Persh y-Fun Cish) =)
- - S————"

h h
1+ 3h +35"+53-' 35%%‘# kz

h |




10,

= 3+3hth

E.G., THE AVERAGE RATE oF chancge of Fix) = x°
OVER TWE INTERVAL [ 1,1.1] (h=zo0.1) 15

34 30.)) + te.)® = 3.31

(¢ »
y INSTANTPINEOVS RATE OF CHANGE

?
of Fxy=x" a1 x=1

SLOPE OF THE TANGENT LINE To
- 3

~ X THE GRAPH OF y = Rx) = X

Ar (1, Fe )

"

2
ewHdT 343h +h GETS CLOSE

'Y‘-‘ Fn() sx3
70 #S h—> 0

ln (333h+h") = 3
h=o ’

3
A "‘\-1) =X
INSTANTANEOVS RATE OF CHANGE

3
«d) ’.‘/ of Pix)=x" AT X

SLOPE oF THE TANGENT LIVE TO

1 Fuxd :
Twe crorn of y:=hRx)s x” A7

E Point X%, P )

| Fex#h) - Foxs
lin —

h=»0 h



BUT
2 3
Fex+h) -hx) ex+h) -X
L Xth) -2
h h
3 2
. x243x*h#3xh +h -X
h
3
. 3xh + 3xh’ +h
h

]
- 3xl+3xh‘*"'

e
As h => o Tms arProacHes 3% So

I Pw&h)-ﬂx) - l‘m ( 3xi+3xh H»l )
mn '1 h=> o
h-3o

= 3Xl

4
YA Fnt) s X’

’_.‘/j x

2
3x = SLoPE

= INSTANTANEOUS

RATE oF CHANGE
or Fuoxy:= x?
AT X
Sor x:- %

E.C., THE WSTANTANEOUS RATE OF cHANGE of hx) = x
3

(K 3(":)2 = o



ASSIGNNENT ¥ | : READ SECTON 3.) oF THE TEXT AND wWORK THE

FoLLOWING PRoBLENS ™ EXERCISE SET 3.) ( PAGE 174) :

¥ 1,387 8,9 0,135, 17,31, 3.

NOTE FOR FUTURE REFERENCE : I EXPECT You

To READ THE TEXT THORoVGHLY . IT CONTHINS

A GREAT DEAL oF wrFornAMON ; T CANNOT

CoVER ALL OF 1T 1v LECTURE ; You ARE,
HOWEVER, RESPonISIBLE FoR ALL oF T,

THE FumcTion C(3x®) whHich ASSIGNS T EAch X THE

| 3
INSTANTRIVEOLS RATE of CHANGE ofF Fux) = x° AT X 1S

cALLED THE ™ DERATIVE — oF Fex). IV CENERAL,
4
VA Fex)
LOPE OF THE TRANCENT LINE TO
el S

/._y/ THE GRAPK of Fix> AT X

INSTANTANEOVS RATE OF CHANGE
of Fuex) aT X

®
"

Fexahy-Pex)
’lﬂ h -
h-> o0

THE DERIVATIVE OF F AT X

Fex)

2



NOTE :  OTHER SYNBoLS FOR THE DEMVATIVE of y=Fix), BESIDES

d d
Pix), INCLUDE Y, Ff s ;x-(&m), E.G.,

Pex) = x3 = fex) = 3x
y: x3 => )”.‘. 3)(‘
3 o 2
y= X = 75:3’(

d 3 2
Ix (X )= 3x

OF COURSE , IF THE NANES OF THE VARIABLES CHANGE, THE NoOTHTION
CHANGES ACCORDINGLY, E.C.,

Stz - 162 44 = Sit): -32£4¢Y (oR

%-é‘- = =324 #¢4, E7C. )

BEFORE WE ARE THROVGH e wnL BE ABLE To QUICKLY ConpurE
THE DERIVATIVE of A HUGE NUNBER of RATHER conPrLicrTED

FUNCTIONS. FOoR TWE NNE BEVE wWE WILL SETTLE For #
FEW SINPLE EXPNPLES .

EXANPLES :

3

1. Fex) = x° = Fix)= 3x* ( SHOWN ON PPCES 10-1 )

2Qq S&) - -wtl.;u/,t = Sd):= 324 1¢Y (SHowsrv onv PAGES (-7)

3,



3.

4,

THE DERWWATNIVE oF A CONSTRNT FUNCTION 1S BERO

CPix)=c FoR EvERY X => Pix) =0 FeR BVERY X )

REASON : THE GRAPH 1S A HORIZONTHL
EAcY of TS TANGENT

STRAIcHT LINE .
LINES 1S THE SANE HoMZonTAL
STRAICHT LINE AND So ifs SLOPE 1§ O,

le) s Xn ¢ FOR ANY POSITIVE INTEGER N )
4 n-)
= Ffeex)=nx

ch-}h)-pcx) ) ex+h)” - x”?
h i h

REASON :

T0 SINPLIFY THIS NOTICE THART

A:-8" = (A-BIA+B)
3

3_g. (p-8>(A%+AB18B")

A -B

AY-8" = tA-8>(9"+p'B+AB*+8’)

n n n-l .n-2 n-2 n-l)
pA™-8" = (A-BIA +A g+---+PA8 +8

CIF Yov DOnN'T BELIEVE NE , JVUST NULTIPLY OUT THE RIGHT- HAWD

SIOE AND WATCH EVERYTHING CANCEL )



/8.
ity A = x+h Anp Bz=X THE LAST 6NE GIVES VS

n n N-t n-2
ex#h) = x" = (exshy-x )(exth) 4 (x+h) x #+ -
' n-2 n-1
+ x+h)X + X J
n-) n-2 n-¢ pa
= b (Xh) s ixsh) X #e-+ OX$hIX 3 X )
THUS,
n n
Y+ -X n-’ n-2 n-2 n-l
h:' = ¢xXth) + x+h) X 4P ixh)X + X
So
ex#h) - x"
P'u): ho h
h-»o
n-l ﬂ‘l n-2 n=)
e hn  (X3h) # (xdh) x F--FX+hIX + X )

h=-»0
- n-2 n-)
c X" " s XX 4 X

nel ne-i ne-|
x"".’. % $ oo+ X + X

"
5
x

7
£c., Fx)=x = Pix) = 7x¢

2 )
)’ = X = dx s 1aX
Jd 'y - ° .
a-x'tx ) - 'x !

-)

n
NOTE : TWE FornuLA  (X") ‘= nx 15 ACTUALLY TRUE FOoR

Ay REAL MUNBER n, BUT THE PROOF 15 NORE DIFFICVLT



/6.
THUS, CoNPUNING THE DERIWATIVE ( " DIFFERENTIANING " ) POWERS
OF X L oRX, 0R wWHATEVER THE 1MDEPENDENT VARIABLE 1S CALLED)

1S EASYy,

WITH A LITILE NORE WoORK (wMCH LWE wilLl GO THROVEH W EN WE

ConSIDER " DIFFERENTIATION TECHMIQUES — NORE CAREFULLY ) ONE

CAN SHow THAT PoLyNOMNALS

n 0! 1]
Pnt): a,X +an.‘x L XL azx ta X +qo

ARE JUST AS EASY :

- n=-1
fex) = a (px"") b (meax ) bt A, 30D +a,0) 40

n-' n't

+
na_ X 3 ;e X 4oy 2, X + A

'

EXANPLES :
1. Fex) = 3Xt-a.x 1S
fix) = 3tax) -at) +o = x -2
2. SW) = -lwl:";(,-u,
%"'i’ - 16 (28 LY 1) = _324 404
3 Jéit'sxs'a"‘l*v"-ﬁ) . 5(3x)-atax)+ 7 -0

- 5%t -4x 4+ 7



NOW NOTNCE THAT IF WE CONSIDER AN OBJIECT noving ALomwe A
STRAIGHT LINE ( E.G., OUR BALL THRoOwN VERTICALLY, A

RocK FALLING VERTNcALLY, A CAR Novinvg ALONG A STRMICHT

WicHWAY, A NASS ATTACHED To A VIBRATING SPRING, ETC. )

WE CAN CALL THE STRAIGHT LINE THE ' S-Axis  AnD

DESCRIBE THE NoTioNn BY THE " PosSIiMoN Fpmcﬂom "

\ -— S5-AXIS
o Stt) = Posinom AT TinE A

THEN THE DERWATWE oF Sit) ( RBTE oF CHANGE OF PoSITION ) s

™E oBJECT's VELoCITY "

THE DERIVATIVE OF nr k) ( RATE oF CHANGE OF VELOCITY ) 1S

CALLED THE 0BJIECT'S " AcceLERATION

att) = gz

a) 1S THE  DERIVATIVE OF THE DERWANVE = of St ).

IV GENERAL, IF y= fux) 15 A FUNCTION wimh DERIVANVE

' d
y'= Pex) = 3’1‘.

THEN THE DERIVANVE oF TH1S DERIVATIVE 1S CALLED THE

7.



18.
SECOND DERIVANVE OF THE FUNENION AND 15 WRITTEN IN onE

OF THE FolLLowING wAYS :

7 ' dty
y = pnt) s 'd_x'i’

EXANPLE : y = fix):

-
3
Plex) s -;-mx")--usx‘) $170) + 0

: Nx’-nx

ASSIGNNENT %2 :

READ SECTION 3.2 THRoUGH EXANPLE § ( FAGE 1§))
AND SECTION 3.3 ©oF THE TEXT AND woOoRY THE FoLLOWING PrroBLESGS

. &
EXERCISE SET 3.2 (PAGE 181) : *,,3 5,7,92,37, 39

EXERCISE SET 3.3 (PAGE 19¢) : *),3,5,7, 13,15,17,1%,31,23,29, 3),33,

374>, b, ¢d ), 43, ,47,49,5) S

STATUS REPORT : AT THIS POINT, IF WE ARE GIVEN THE PoSITION

FUNCTION SWE) Fon AN OBJIECT NovING ALONG A STRAIGHT LINE

E.C.,



9.
Si) = -1tlseut

THEN WE CAN CoNPUTE THE VELoCQITY

d): Sw) = 16 RE) LML)
= -324 4464
AVO  ACCELERATION
o) s ark) = S@D = -3 0

= -32
BY FivDioe DERVATIVES

BUT SULPPOSE TGS ARE TME OTHER wAY AROLIVD. SUPPOSE, SAY,

WE KMow THE ACCELERATION aw) = "), How Do wE

" uvDe THE DERIVANMIVES TO FIND THE PosiTiony Sut) é

-*

NOTE : TWIS IS, By Fﬁff‘ THE NORE CONNON SITVATION

PHYSICS 1S INTERESTED WV DESCRIBING THE NoTion

CI.E., POSINON) ) oF AN OBIECT KNOWING THE FORCES

THAT ARE ACTING o IT, ACCORDINVE TO NEWTON'S

SECOoND LAW
F =ma

Knvowing THE FoRce F ANOLNTS TO Kpowing THT

ACCELERATION Q . THE PROBLEN TWEN 1S W DIC

Sw) ovT oF aut),



0.
GENERAL DEFINITION

CIVEN A Funcmion Fux), Aw ANTIDERIVATIVE

For Fux) 1s ANOTHER FunvcTion Fex)
SATISFYInV 6
Fix) = Fex)

™HUS, PosSIToNn SUt) 1S Anv ANTIDERWATIVE FOR VELoCITY wiU ),

AND VELociTy artd) 1S ANV ANTIDERIWATIVE FOR ACCELERATION

ad).

EXPNPLES : IF Fix) = 3%, THEN ALL oF THE ForLowivg

ARE ANTIDERIVATIVES FOR Rx):

3 3 3 gt
X X+5 X" -z

[ 3 3 2
’ d

3
X +C ForR ANY forwsTEnT C

DIFFERENTIATION ,
Y] - Fix)

ANTI DIFFERENTIATION ,
Fex) —y FtX) FOR wHiCH Fex) = £x)
INDEFMVITE INTECRATION




<,
INTEGRAL NoTmRToN :

3 ch)clx = INDEFINITE IWTEGRAL OF R.x)

COLLECTION OF ALL ANTIDERIVATIVES FeR fix)

Fex) 4+ C

WHERE Ftx) 18 ANY FONCTION SATISFYING
F'ex) = Rx) Aavo C 15 AN aReiTRARY

CONSTANT ( THE CONSTANT oF INTECRATION )

E.C.,
3
S 3x"Jx = X + C
THE SYNBoLS :
/ DIFFERENTIAL
S ch) c,x
INTECRAL INTECRAND

sien

FINDING ANTIDERIVATIVES (I.E., INTEGRATION ) cAm BE A
VERY TRICKY BUSINESS. FOR THE TINE BEING wWE toill NEED

oLy A FEwW SINPLE EXAIPLES.



EXANPLES :

4 Z
!, tx’) : 3x So

S 3dex= X34'C

2
3
Sx"c/x: TXx ¢
L7 £ ¢y-x*
3. (%x) = £ (x")=x" so

?
Sx"clx - ".;’X 4C

Y. FOR Awy N = 0,), 2,"' >
ner (4o, n =x"
( .'#7 x ) 2 5 () X )

Se n ) nfl+c
S x dx = 757 X

NOTE : THIS FORMULA IS ACTVALLY TRUE

ForR Any n # -1,

Y _ 2

"
e

s, Sxe Sx'alx

. S 1Jx

Py
S bex ‘.;}; X +C = X4C

(]
"

2,



IF THE NANES OF THE VARIABLES CHANGE, THE NOTRTION CHANGES AcCoRDINGLY

7.

32+ 232

32 '
Std.t=;;;j:l: +C: 3x & +C

BECAVSE THE DERIVAMVE OF P PoLYNONIAL CAN BE ConPLTED TERN -BY -

TERD " , So CAM 1S INTECRAL

8. S (5x3+ x"+ 3x+a)Jx

G S at’+1)(¢7 3)d4

0.

11

5(,-}-::")-» ;,'-x3+3(-,';x‘)&x +C

y 3 2 U
: Ex +FX+ ETX 4XSC

L1

S cat’s 21 ety 3)dt

3
2 (229 s et 1o i) r3u) 4C

-

s +2¢ 4 22" ak’rstec

SUPPOSE AN OBJECT NOVES ALONG THE S-AX1S wITH VELOCITY

1
k) s ‘It3- 3£ . IF THE OBJECT 15 INITIRLLY AT

$= 3, wHAT 1S 1Ts PosiTiony AT Avy TnE £ 7

WE WANT SU). SINCE wit) = Sub), SIS An

ANTIDERIVATIVE FOR arut).

HERE ARE ALL OF TWE ANTIDERIVATIVES FOR ~ik) :

3
| wurdt - | vt 2ehhde - yede')-30447 )¢

2'-the

23,



SW) AVST BE OnE ofF TWESE, I.E., FOR SonE CHOICE oF C ,

¥ 3
s¢)=4 -2 +C

whicy C ?

TvimALLY (I.E.,ATA=0 ), S:= 3 So

y 3
3 = ©0 -0 +C
3 = C
AND THEREFORE y 3
su):t—lt +C

ASSIGNNENT T3 : READ SECTION C.2 (PAGES 355 - 356 AND

EXANPLE 5 oLy ) AND WORK THE FolLLowING PROBLENS,

EXERCISE SET €. (PAGE 3¢3) : % 9a), 15,16, 18, 40, 47

EXERCISE SET G (PAGE HIL ) : 2 Sea), Na)

wWE HAVE Now ARRWED AT A CRUCIAL POINT, wE KNOW A LITTLE
ABoVT DERIVATIVES AND A LITTLE ABoLT ANTIOERIVANIVES
CINDEFINITE INTECRALS ) AND A LITTLE ABOVT WHERE THEY €NNE
FRon, IN Song SENSE, HOWEVER, THE REAL SIGMIFICANCE oF
TWESE THHVES LIES 1IN THEIR CONNECTION wITH SONE THING

TOTALLY UNEXPECTED THAT WE NOWw IWVESTIGATE

Y,



THINK ABOUT THE FUNCTION Fix) = & % on THE WTERVAL [o,%0)

Y

y=ax

FoR ANY X w [0,°9) LET

AUx) = AREA UNDER TUE GRAPH oF Fex) = T X FRON 0 TO X
Y

e

ALX) = % (BASEY(HEIGHT) = FLXI(TX)
) = +xt
Ax) = X

NOW, NOTICE SONETHING PECULIAR i

Atx) = (ﬁx")'s +x = Px)

THE NosT " PECULIAR  THING AROUT THIS IS THAT 1T ISN'T REALLY PECULIAR 4T

ALL . X7 HAPPENS ESSENTIALLY ALL THE TINE, AS T WILL WOW Shoko YoU



L67 Pix) BE DEFWED AwD 7, O oW THE IVTERVAL La,bl,

Y y:P«.x;

—

a b

FoR Ay X v [a,b) LET

ALX) = AREA UNDER THE GRAPH of Pix) PRoN o T X

y'—;ﬂ,i)

/

NoW WE'LL " CONPUTE * THE DERIVATVE A'tx) GEONETRICALLY

Y
y:ﬁx)
AxXth)-Awx)
o - «
a X %h b
, Acxth)-Acx)d
Awx) = Im b

h=*o

2.



e

I

Acxth)-Ax) % Fuaoh AVD THE APPROXINATION INPROVES AS

h - 0O
' AX4h)-Ax)
A'w) = hn —-—T'L
h=>o
= 'ID _f.’_‘.’.‘.’.
h%¢o h
=' hﬂ HJ)
h=»o
= Fix)d

THE DERIVATIVE oF THE " AREA FunCTIon ” of fox) 15 Fux) ITseLF

BECAUSE OF THIS CLOSE CONNECTION BETWEEN AREAS AND DERIVAMVES

WE WILL SPEMD SONE TINE DESCRIBING A DIRECT APPROCY T THE
PROBLEN OF CONPUTING SVCH ARERS. |

ILLUSTRATION @ CONPUTE THE AREA UNDER THE GRAPH OF
Pex) = x* Feon X=0 ™ X = |

7 7'=xl




THE IDEA 15 VERY SINPLE @ BEGIN BY APPROXINATING THE REGION

WHOSE AREA WE wANT BY RECTANGULAR STRIPS.

4 VA Pux) = x*

/

/

THE SUN OF THE RECTANGULAR AREAS 15 AN APPROXINATION TOo A

CHOOSING NORE AND NORE , SKINNIER AND SKINNIER RECTANGLES

GIVES BETTER AND BETTER APPROXINATIONS,

THE LINIT of THESE RPPROXINATIONS AS THE NUNBER OF
RECTANGLES —¥ @ AND THEIR WIDTHS —» O CIVES PRECISELY

THE AREA A WE wapNT,

as.



To HAVE A SYSTENANC whY oFf BUILDING 'mssE RECTANGLE S
WE wikl (FOR T™IS EXPNPLE )

1. CHOOSE ALL OF THEIR BASES To HAVE THE SADE LENETYH .
3. CHOOSE THE WEIGHT OF EACH TO BE THE VALUE OF
" J9E FUNCTION AT THE MIDPOINT OF THE BASE

¢ OTHER CONNON CHOICES ARE TWE VALVES oF THNE

FONCTION BT THE LEFT OR RIGHT HND ENDPOINTS
OF THE BRSE ).

y:Pox)= x*
4 RECTANGLE
X
BASE : Lo,1]
mnPamf: ry

' X
Ax PC"_{')]_ s (%).1 = :,"



Q RECTANGLES

BASES

nprPoINTS

y: Py = x*

>
2




3l

4 RECTANGLES

y: Px) = x*

-

~“>

— ol

— Lin

— it

e feo

e, 41 , L%, %3, [+, 41,1

BASES :

4%

nDPOINTS .

-S> >
~ a°
Mo
-~ N
S, ~
+ +
- “4T
-~
~
iR
cn ~
+ +
4 4>
~ a
)
T e
i ~
+ +
4T AT
Al
.M..o %
<A L
1]
<

0.328]



N RECTANGLES
/ Y:P&x)-.-.x"
X
4
' 2 n=!
BASES : te, w1, L 3], ., L&, 1]
| : L 2 an-J
nIDPOINTS @ an ) an ) , o
: 3 2n-!
Ax PE)Y T +P55)s vt Feiest).
3 i an=2 \2
(fi)”f,“"(fz)'* t o (=3)
3
" o 20-1)
. L 3. o) L
W’ n ¢ ¥yn* n + + ynt n

T X !
Ci1t+3 + .0t an-1) ) - 7nd

32,
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E.C,L IFN= S

1 168

A (134325 +72%4 6%). vsd ° e = 03300

<

FACT ( GENERALLY PROVED BY ' NATHENATICAL INDUCTIon " ) :

3
|43 45 %+ (20-1) = 3

E.C., IF N= 3, . L2 L
193 1S = 146§+25 235

3
e - 108 -
4-3-3 _ 83 . s
32 3
™V | y 3 )
Y Lt )y — = n-n —
H - t)Y+3 + + (20 =1) )"03 - 3 4n
. 4n’-n
1an
. 4n’ o
’Jﬂ’ "ﬂ’
]
= 'é'" nnt

THE APPROXINATIONS BECONE BETTER AS N GETS LARGE (I.E., AS
n—»c )  RBuT CLEARLY,

_—'———y-é- AS N —» =

‘ b A
So TWE AREA UNDER THE GRAPH of y=hix)=X" FRon X0 ™ x =)
1S PRECISELY .'3L
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svnnoumuy, WE woULLD wWRITE

Wi

i ——
A= Im ( 3 - n»‘)
N =¥ <O

(WE WILL DISCVSS LInTS LIKE THIS NORE PRECISELY i1v JusT A LITTLE

WHILE ).

NOoW LET'S DO ™IS v GENERAL , SuPPéSE ptx) y &6 o THE
INTERVAL [a,b).

Y
y= fix)

1

————— o
W o — i~ — —

P
o

To ConPUTE THE AREA UNDER THE GRAPH oF Fux) AnD ABOVE

ta,b) wE PROCEED As FoLlLows :

I. SUBDIVIDE THE INTERVAL Ca,b) wwio n svBivTERVALS

wITY  EMDPOINTS

A= Xy ¢ X & X &g X, X, X b



3s,

' N HE N X x X =h

FOR Eﬁc” ;3',2,---“7",", LET

Ax; = X. - X. S LEMNGYH oF [‘;_.,x- ]

’ (A ]

NOTE : IF ALL OF THE SLUBINTERVALS HHVE
THE SANE LENGTH WE DENOTE ALL oF THE

axX;, SiNpLy aX. OTHERWISE, THE LARGEST

oF THE AOX. wilL BF DENoTED

ax nAx

¥
INSIDE EACH SUBINTERVAL L[X; , X SELECT A povT X,

% * *
X X * x
. -' 3 X, xo-i Xn
‘O X ' ‘1 ) xo-| *: y *D-; xﬂ-. gﬂ

EVALVATE

L3 * * * X
L 0 T 7 b S T S Fex Xy, Fix )

, ...’

AvD CONPLTE

* ¥ * *
Fxirax, | fxrax, | Fafrax, | Fux* yax

*
Fixhrex



Fer ¥y

3. FORN THE RIENANN Suvr APPROXINATION

* x * %
Foxhax, + Foxfrax, +---+ fx *rax, + Fox¥rnx

P
H Z FCX:*)AX'-

1!

LA X ]

y=Ffexd

( Z- NomTion : THE sun
o ALL ™E Fex. AKX,

FOR + TAKIWG VALUES
FRon | 10 n )

3.
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REPEAT STEPS ¥ |3 OVER AND OVER wiTh FINER AND FINER

suBDIVISIoNS oF La,b) , I.E., SPDALLER AND SNALLER
QX ax , T0 GENERATE BETIER AND BETTER APPROXINATIONS

AND THEN DETERNMINE wWHAT THESE APPRox1NATIONS PRE

APPROACHING , I.E., " TPKE THE LinT "
n
1, Z Fux.*) ax.
ax - 0 ;: '
nax

Nomice THeT 1F Pex) s o cnamier ew Fex) %0 ) on Labl,
THEN THE RESULT OF THIS PROCEDURE wiLL BE MINUS THE

" AREA BETWEEN THE GRAPK of Fix) Ano [a, b)),

Y,

y: Fex)
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IF Pex) Takes Bomy Posinve puo NEGATIVE VALUES oM [a,b],
THEN THE Pucepw?e YIELDS THE NET SIGNED ﬂkee B8ETWEEN
HE clmm OF Pau AND THE INTERVAL La,b).

THE REAL SIGNIFICANCE OF THIS RATHER ELNBORATE RIENAVINY Sun

PROCEDURE , HOWEVER , IS THAT IT SOLVES A MUGE NUNBER oF

TOTALLY UMRELATED PROBLENS, FOR THE NONENT wE ill Look

AT JUST onE EXANPLE

THE NASS OF A wn?E

-
TR CEEES——— S e

!

CONSIDER A THIN (1-DINENSIONAL ) NETAL WIRE LYING ALONG THE
X-AXIS FRop Xza To X=b,

- X-AXIS

IF THE NETAL 1S HONOGENEOVS ( ComsTHNT DENSITY, sAY |

Po 3len ) THEN THE nBss M of THE wige 1S JusT

M

( al'g/.:n-) Y(%cn)
C DENSITY ) (LENGTH )

(-", (b-a)



3q

SUPPOSE , HOWEVER, THAT THE NETAL 1S INHONOGENEOVS (DENSITY

VARIES FRon POINT-To - POINT ALoné THE WIRE , SAY,

N ANt

-+ X-Axr8

PL%) = DENSITY AT LocATIoN X

Fog 8acy X w [a,b)

How CAN ONE ConPUTE THE nAss M wow 2

STANDARD OPERATING PROCEDURE : GENERATE R SEQUENCE oF

BETTER AND BETTER APPROXINATIONS To N AND THKE THEIR LINIT

IDEA : OVER A SNALL SEGNENT oF THE WIRE THE DENSITY IS
NERRLY CoNSTANT So THE NASS ofF THE SEGNENT IS

PPPROXINATELY  DENSITY TINES LENGTY .  APPROXINATION
!

BECONES BETTER AS LENGTH oF SEGNENT 6665 To ZERD.

CARVE THE WIRE LP V7O N SEGNENTS




EVALUATE THE DENSITY AT EACH SANPLE PAINT

Psx:',) e (nx: . ("":3
AND CONPUTE THE APPROXINATE NASS 6F BACH SEENENT

* > *
Pix%, ) AKX, 3 seey pcx.; )ax: y eemy ch,, JAax,

3. CONPUTE THE APPROXINATE NBSS OF THE WIRE
2
*
2. peridax;

y. REPEAT * )-3 oveR Awo OVER wiTH SNALLER PND SNALLER s:.-‘ansmrs'

AND TRAKE THE LInT

n

M = ,ln Z PGX?)AX:

it
axm‘-§ o

PRECISELY THE SANE SEQUVENCE OF STEPS ( RlEhﬂNN SuN PROCEDURE )

HAS SOLVED Tweo QUITE DIFFERENT PROBLENS

THIS 1§ JUST THE BEGINNING. WE WLl SEE THAT THE SANE 00595

SOLVE A WIDE VPRIETY oF PROBLENS In NRTHENANCS AND THE
APPLICATIONS .

THE Pomvl 1S THAT THE NONBER THAT RESULLTS FRoN APPLYING THE
MENANN SunN PROCEDURE T SONE FUNCTION 0N SolE INTERVAL ,

BE CAUSE IT NEANVS NANyY DIFFERENT THINES IV DIFFERENT

Yo.



H

ConTEXTS, DESERVES A NANE AND A SYNBOL

cven Fix) om La,bd, TwE nwnser
n
I'” Z p‘x :* ) AK :
DX -»0 'S
nox
THAT RESULTS FRON THE RIENANN SunN PROCEDURE 1S CALLED THE
DEFINITE INTECRAL OF ch) oveER [a,b) AvD 1S DENVOTED

Sb Fexrdx .

o

Q. 15 CALLED THE LOWER K AND b e vrrER LiiT OF INTEGRATION

NOTE : DESPITE THE SINNILARITY oF THE syngoLs |

b
S Pexddx  Avp S fx) dx ARE EnTIRELY TYPES
o

OF THiwGS. THE FIRST 1S A MUNBER, THE SECoND

1S A COLLECTION OF FUNCTIONS., THE RELATIoNSHIP

BETWEEN THE Two will BE DESCRIBED IV A NONENT
THIS RELATIONSHIP S, 1IN A ss»ce, ™ME REASON wE
ARE ALL HERE now , I.E., THE REASON PEOPLE

STVDY CHLcULYS.



EXANPLES :

1. IF Fex) 15 Nown-nEGATIVE o La,b), vew

b .
S Pex)dx = AREA vnDER THE CRAPY
(%

of Fux) Avo ABove L[a,b)

!
E.c. 2
’ &xe : %
o

2. For Awy Fux) ow [a,bl,

b
S fex)dX = NET S16nED AREA BETWEEN
o ™E GRAPY of Rux) Mvo [a,b)

3. IF (.ux) = DENSITY AT X OF A STRAIGHT WIRE
Lﬂymc ALONG THE X-AX1S FRoON X = a

™ %= b, ™MEN

b
S (ux)Jx = DNASS oF THE WIRE
o

THERE ARE NANY NORE Svck EXANPLES T conE LATER

5.
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Now RECALL TWAT

Awx)

a X b
A'tx) = Fexd

so ALX) 1S AN ANTIDERIVATIVE FoR Fuxy  C T.E., 1T I5 ONE

oF THE FUNCTIONS IN S Podadx ).

Now LET Fux) BE ANVY ANVTIDERWATIWE FOR Fux)., THEN

Fex) = Ax)+C

FoR Sone comsmnt C. Now NOTICE THAT

F(b) - Fa) [Ab)4c ] - [Ar *C ]

Atb)+c - O -C

Atb)

- AREA LVOER THE CRAPH oF fix)
AND ABOVE La,b)

b
= S“ Pu)c‘x
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THE FUNDANENTAL THEOREN _o_o_‘-' CALcuLYS : IF Fx) 18

ANY ANTIDERWATIVE FoR Fux), THEW

b
\ Rexddx Ftb)-Fea)
o

Fex) Ib
[

EXPNPLES :

1. AREA UNDER THE cRAPH of Fix) = X* AwD ABOVE [o,1) 1§
' 2 3 ' 3 L L
XXJXS j-x\t-g-"-3-0=3

-] ]

3
2. NET SIGNED AREA BETWEEN THE GRAPH of Rux) = X Anp

THE IVTERVAL L[-1,1]) s
'

: y '
-y -1
- A
- q y - 0
y




4§,

"

a | 2
3§ at -2yt = § ont-uthhde - At a0 e ,

-

" 3
bt | = ety - (asnt-ent)
-t

s - 8-
: -9

4, A WIRE LAYS ALONG THE X-AXg FRoN X =0 T X = | ArND
HAS DENSITY AT EACH PoinT THAT 1S PRoPoRTIONAL TO ITS
DISTANCE FRoN THE LEFT- HAND ENDPOINT . FIND ™ME NASs 1

OoF THE WIRE.

ch) s ﬂx ( FOR SoNE CONSTINT “ )

M= X' f:x)dx 2 S. Bxdx = & Ex") ':’

L
H -&&-l"-'&&-o = -a'."g

ASSIGNNENT * 4 : ReAp sECTIONS G.1, C.4, 6.5 (PAGES 386 - 389 omty)

Ao 6.6  (THROUGH EXANPLE X , PAGE 398) AND wWORK THE FolLowG
PROBLENS.
EXERCISE SET 6.1 (PAGE 354): * ),3,5 1,13,15 19

EXERCISE SET G.4 (PAGE 383) : 2 | 9,631, 4)
EXERCISE SET L.6 (PAGE Hob) : ™ 1,3,9,10

CHAPTER REVIEW EXERCISES (PAGE ¥37): ¥ 4,31,32,37, 47,48 95,77




