DISCRETE S -LoCALIZATION AND THE EQUIVARIANT EULER CLASS I

T0 REPHRASE THE DISCRETE S - EQUIVARIANVT LOCALIZATION

OBJECTIVE @
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/N ORDER To NOTIVATE THE NOMDISCRETE S - EQUWARIANT LOCALRANON
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ComTEXT FOR DISCRETE S -LOCALIZATION :

M conPACT, ORIENTED, DINENSION af |
. !
ORIENTRTION PRESERVING S-Acnow tg,p2€ S*M —> gp =L pIEN

A € Q_S.: M) s'-EQuwanmny CLOSED

| s
& e uets') iR sueh AT ZeE¥y= M 1s FinarE



FIX AD S™ WVARIBNT RIENANNIAN NETRIC <, 5, on H. THEN
FoR p€ ZtE")
Lptg) : Tp(r) = Tp(M)

Letgdwp) = (L, V) £§',VJP : -_d-‘i'z(u.“ﬂ_tp)”wp:)

5' &:0

1S SKEW -~ SYNNETRIC. ANVD INVERTIBLE

exP (Lpt8>) = ( Legpigs )*P

REPRESENTATION of S' om0 TpM)

!
Pipe S GL( Tp(f) )

Py : LLa' )‘"P

‘na)urp) = g.var’, = LLa )_"P(%)

wotE : g.Wp =W, VGES & w=0

c Lets') — gbLTetm))

Px1

Pus t§) = et




LENNA : LET V BE A REAL VECTOR SPACE AnD [ S = GLIV)

!
A REPRESENTATNON oF S ON V whicH LEAVES No NONTERO VECTSR

FIXED ( ptg)(a) = ar v:e’s' & wr:z0 ), LET AE End (V)

d

BE GIVEN BY
A : ta) = = (plexptit»)
Les dE ¢ pLeP .0

THEN THERE 1S A UNIQUE DEconpPosITIioN

V =V, 8- 8V,

oF \ mTo S-INVARIANT SUBSPACES AND POSITIVE INTEGERS
0 ¢ m ¢ ¢ m

SUeH THAT

WHERE
Jl= -1 J

awo such ™AT, on V; , THE S'- AcTion 15 GIVEN BY

ad
) = exe (£A;) = Exp tm; £J. ),

(.ne

v PARTICULAR, V' HAS A CANONICAL CoNPLEX STRUC TURE

J = J,G'"QJ_(

AnND SO IS EVEN DINENVSIONAL WITH A CANONICAL ORIENTRTION ,

L, > ¢ 5'- WVARIANT INNER PRODUCT ON V.

SKETCH OF THE PROOF :
1S SKEw - SYNNETRIC wiT™H RESPECT TO <, S .

PRODVET RULE = A



NO NONRERDC VECTOR FIXED =» A invERTIBLE

IF ﬂ DENOTES AlLso THE nﬁm'x WITH RESPECT TO A £, Y= 0RTHONORNAL
BASIS , THEN ﬁr= -A awnvp del A # o So

2
A'™A = -A
1S SYNNETRIC AVD POSITIVE DEFINITE ., LET

O‘A.""‘ A.l

&
BE THE DISTINCT EI1GENMVALUES OF - R Awnp

VIV, 80V,

THE EIGENSPACE DECONnPosITIon of V, THEN

AJl - ‘AJ 1 , J:l,...,(
v J.: —A. weer Aj=m;J;
LET ™; = vA; AW i 2 m; N J J J
]
AND Jj s - 1. 0

wE wiLtlL APPLY TS TO f : 8' = 6L LM ), Bp) FIRST «wE TRKE

*»
A SonEwHAT PECULIAR VIEW of Ta(n) For P& Z(57).

[}
NOTE : IT will NOT SEEN SO " PECULIAR

wHEN) WE TURN T THE NoNDISCRETE CASE



3
Z(&%) = M 15 A O-DINENSIONAL SUBNANIFOLD oF 1 So

To(Z(e%)) = e} ror Ench pE Zeg*) TIE NORNAL

BUNDLE of Z(¢%) 'S THEREFORE

vezeen) = U Neczigmy = U )
PGZ‘fﬂ’ PGZ‘f')

THUS , ON EACH FIBER, wE HAVE A REPRESENTRTION

PPy S' —» GL( Np(Zes*n)

Pa) = Lyl

wiTH
(-’rg‘f) : L,,Lf)

AND SPATISFYING THE ConD ITIONS OF THE LENNA WwITH

A = /’*1“', = LP(J’).

EACYH FIBER SPLITS
Lp
Np(Zt8™) = @ Np;(Zté™)

J= !

cowclLusion .

INTO 3'- INVARIANT SUBSPACES AND THERE EXIST POSINVE INTEGERS
. N » (2¢¢™
Anp OPERATSRS I ; P Np (26" --,N,:.i (¢%)

& =& M
’

A P, Lp
svelh THAT

OCcm



n’Np‘j‘(Z(f’)) = mPJ ‘Tr‘j

q

pvp THE S-Acnom on N, (Z(E™ ) 15 GIVEN By

it
(ue ) = EXP (ngtJ;’,J)'

(Z(¢%)) whHICH 1S

J,. 15 A CONPLEX STRUCTURE FoR Np;

J
THEREFORE EVEN DINENSIONAL R cANVONICALLY ORIENTED, AND

SPLITS 1NTP A SvInN
'y

rd
N‘,J(Ztg"J) z o ---0C
Py 4 '
y e“eS
of CoPIES of €, on EAcH oF wHicH mE S -Acnon BY

1S NULTIPLICB TIoN BY.

mp i £ 4

e

£, GIVES THE DECONPOSITION

poING THIS FOR EACH J =l

R
Np(Z(§5) 2 €& - e C

AVD P SEQRUENCE



OF (NOT NECESSARILY DISTINCT ) POSITIVE INTEGERS SucH TWR7

4.t T

' =
€ S on THE SUNNAND IS

e S'-#cmion By €

NULTIPLICATIONS By

SINCE EBCH COMNECTED ConPonenT oF Z¢$%) 15 A PonT

{P} we concrLuDE THAT

™E NORNAL BUNDLE To AMVY CONWECTED

conponvENT OF Z(E£2) 1s oF THE FoRM)
&
coe---aC
{r}

wiry AN S'- acnon on ceo-—-oC

AS DESCRIBED ABOVE .

]
DEFINING THE OBVIOLS (L TRIVIAL) s'- senon on THE BASE ir}

[ ] ) NDLE ’
THIS 1S AN EXANPLE of AN S - EQUIVARIANT VECTOR BV )

AS DEFIVED BELoOW.



peFioITIoN : LET T : E = X BE A Snoom™ VECTOR BUNDLE AnD G A

ConPACT LIE GRowP, SULPPOSE G ACTS ov BoTH E Amp X on THE LEFT

N Such A whYy THRT
M L) =zg: M)

AWD  FoR ERCH g € G, THE NAP

Ty

-l
N —> . T

-1
e X)) T 9-%)

s LWEAR Y x ¢ X. mEn T :E>X 15 A G - EQUIVARIANT

VECTOR BumDLE OVER X,

NOTE : FoLLows THAT Tg IS Aw ISONGRPHIST ,
IF We: E ->X 15 ORIENTED wWE REQUIRE ALSO
THAT TWESE I1SONORPHISNS BE ORIENTATION PRESERVING,

DEFNITION : LET H = P —» X BE A snoo™ PRwCIPAL H - BumilE

Tp
avp G A LIE CRoup, THEN H &> P —> X 1s A G-EQUIVARIANT

PRInvCIPAL H-BUNMDLE IF G AcTS om Bo7® P AnvD X on T™E LEFT

AND
p-h AT > 219-tprh) = tgp)h
P ) |
) PR S e 8
Te l F - 9P
X - -




EXANPLE : LET W : E —» X B8E ANY G -EQUIVARIANT, ORIENTED
REAL VECTOR BUNDLE OoF RANX (FIBER DINENSION ) 2K . CHoosE

A G -IVVARIANT FIBER NETRIC oN T : E - X AND CONSIDER

E

THE CORRESPONDING ORIENTED, ORTHONORNAL FRANE BUNDLE
v

sorh) = F (£) = x

AcTow of G ow T, 1 E -5 X INDUCES AN ACTION OF G oW FRADES
THIS | TOGETHER wiTH THE ACTIon oF G ow X Fhon THE VECTOR BUNDLE

nAKE THIS A - G - EQULIVARIANT PRIncipAL SOl )- BOMDLE

B ENTIRE APPARATVS oF THE CHERN - WEIL THEORY ofF CHRARACTERISTIC

™
CLASSES GENERALIZES TO THIS CONTEXT TO PRODUCE " G -EQUIWARIANT
CHARACTERISTIC CLASSES on G - EQUIWARIANT PRINCIPAL H - BUMDLES |

WERE wWE OFFER oMLY A SynoPSIS

r

' P
RECALL ( ORDINARY CHERM-wENL ) : H = P —> X A Snoo™

PRINCIPAL H - BUNDLE, CHOOSE A CONNECTION <« ON P wim

. y )
corRvATLRE 2. ANY INVARIANT PoLYmnoniAL @€ C“U{J c Qiy)
on THE LIE ALGEBRA K cAN BE " EVALUATED AT L1 AS FoLLows

CHOOSE A BASIS {%,,..,T, § For "t’v AND WRITE
w:w S aw Q- Q'S @ GIVES RISE (VIR POLARIZATION) TO
a a "
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A vwIGuE SynneTRiC, K- nuLTILINEAR | H - mVARIBNT FUNCTION

h x 4 xH — € Ao DENOTED P ). DEFINE
a, ag , .
ee) = @O Ta, 1 Q 43‘%) : ?CI",...,'I‘&)Q“,\._.AQQ{.

™EN P(SL) 1s A BASIC Fornon P (H - InvARIANT AND HORIZoWTAL )
AND So DESCENDS TO A 2B-Forn @ (L) omw X
¥ : .
P = T (pLY)

PULSL) 1S CLOSED AND ITS COHONOLOGY CLASS L pLL) ] DoEs no7

DEPEND ON THE CHOICE oF w oR 1¥,,..5. ). I7 15 A chaRATERISTIC

T
cLass of H = P — x

EQUIVARIANT CHERN - WEIL (SKETCH) :

Tp
H e p — X

A G-EQRUWARIANT PRIVCIPAL H- BUNDLE |
conBivE H- avo G- Acmions ov P 70 OB™IN A G xH - gcnon
-l -}
(g,h)-p = §-(p-h ) = (§P)-h

(301)'," ‘=3’P
¢a.h').p =ph



%
INVDUCED AcTion on L LP)

« x

«
(g,h)-€ = L T = R, ,L:‘_, e

(9,h)

4
INDUCED ACTIon o CLy @h ] ® QL (P) :

&

Q

GrH

C QG’

NOTE

P

TP
N

X=@P&¢

'.' -l + *
Ceah))(8,5) = @3y, b h)R ol €
) = GxH - INVARIANT ELENEVTS @

o ¥ *
ftafg’, hsh )€ = ovcs;,:r)abon.ﬁ..f

d ) GIES THE GrH - EQUIVARIANT cononoLosy of F.
! GiN

4+
AN ELENENT % :@® € oF 2. . (P) FOR wHICH

@ DEPEWDS onLy ow §€ 5 cAn BE IDENMIFIED wiTY

¢
av ELENENT oF Q.GLP) CTRKE h = | ABovE ) THAT IS

H

. 1WVARIAMT ( TBKE 9 = | AROVE ). THE SET OF ALL

Sveh H - IVVARIANT | G - EGQUIVARIANT FORNS oN P

1S DENOTED

B
L 4
fZGLP)

1.
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¥
THE ELENENTS oF S, (P)  ™AT ARE ALSo H - HoRiZonwTAL

(Q*LP) - PARTS VANISH ornv H - VERNCAL VECTORS ) DESCEND T0

¥
ELENENTS o Q . (xX).

"> P NI I M D
QG Howor ¢t H-BAsIC 6 X
EQUIVARIANT CHERN-WEIL PRODUCES AN ELENENT OF TS ALGEGRA

. H .
By EvAwANNG A P € CLH) onv TE ' G ~EQUIVARIANT

'lI'P ,

CURVATURE OF A G -INVARIANT CONNECTION on H <> P—X .
HERE'S THE DEFINITION :

p
CHODSE A CONNELTION &« onv H <> P —> X THaT i G - INVARMANT

¢ L*w :w VYV 9e€G ). Tis cAN BE oBMINED FRon ANY
3
ConNECTIoN By AVERAGING OVER G

THE CURVATURE SL oF & 1S ALsO G - WVARIANT So wE CAN

IDENTIFY -
w = 10w € Q_GLP)OH,

| 2
Q . 189 ¢ Q ek



/3

EXTEND JG AND C_é.w FRoN @[5]@&2*&?) To
egreQmel

conPONENTWISE RELATIVE To ANY BASIS FOR ll )

™E G - EQuvARIANT cuRVATURE K2 . of w IS

: a/GuJ + Flww) € €3] @Q*LP)@IZ

QG
ms V5§eF,
QG(§) : dw-ly, w v Flww]
® Q" Ls,u
vw__}

DEFINE THE EQUIWARIANT MonENT oF w BY

T, ¢ crgreQim el

Tw(-g) '= "g ,“J

Q,:Q-7,

'3:0(3§3.') T Lg..,*(’J'wcg)) AND L;Q.sg}_ InpLY

* .
Q¢ Q.cPreh

( Somry FoRr THE DowBLE USE OF " K. ")



7087 AS S 15 GENERALLY NOT cLOSED (dQ #0), BUT 1s CovARIANTLY

CLoSED ( BIANCHI 1DENTITY . d¥’n =0 )‘ So QG 1S GENERALLY

vor EQUIVARIANTLY ClosEp ( da Q. ¢ o), BuT DOES SATISFY
>
d; Qg = O
¥
WHERE , FoR < € QG (P) avo § €3,

cd;«)cg )= dUwig) - by g o).

F {T,,...,.5. } 156 88SIS FoR K , wRITE

- K_ .
.QG = Q5. ¢ (Q°- 7 . )T,
(Tw-\ C§)= bgawx)
| 4 H H
EQUIVARIANT CHERN-weIL : VY PE C L) £ CLh]
DEFINE
_ . Q‘
?(Qg)‘ G(QG 3.“‘, "’QG 3’;1)
. : ' as
: PLT, ...,'quzs Q,

@ (rﬁ. )"‘::rﬁ* )(Q“" 3;,‘% )"' (Q&i' 3'”“)

¥
wHERE THE PRopvcTs ARE v CL3 1@ S2(P).



THEN

&
o P
@i € QG ¢ )H-aos:c

- *
so 3 e e QU (X) suen mar
o
P(Slg ) = ‘77;, (PLR;r) .
MOREOVER

dg (P(Rg2) = 0

AND THE CoMeNoLoGy CLASS
*
[ P, )] € HG (X)
1§ INDEPENDENT OF THE CHoicE oF <« Avo {3, .. T,j. 17154

'D;,
G -EQUIVARIADT CHARHCTERISTIC CLASS oF H «<» P —» X |

E QUIVARIANT EULER CLASS : W‘E cE>X A G-EQUivARIANT,

ORIENTED, REAL VECTOR BunDLE of FIBER DINENSION £y . CHoosE
A G -mwvARIANT FIBER NETRIC &N E AND CoNSIDER THE

CORRESPONDING 6 - EQUIVARIANT PRivewrAL Socad ) - BunoLE
'"'So
sotad) —> FLE) — X.

sowaf )
IV THE CONSTRUCTION ABOVE CHoOSE @ = PP e € Larals]

TO OBTRIV _
e (E) = [PF(Q4))

/5.



'
EXRNPLE : EQUIVARIANT EULER CLASS OF THE § - EQUIVARIANT VECTOR

BUNDLE Q‘_e.&g@ . E
|
{r} « X

WHERE THE ancmw on E 1S GIVEN BY
t4 nds Ny ¥ 79

e . (2,20 ) ¢ (e 2,,..¢ 2. )

FOR SONE SE QUENCE

o<n, ¢N, & .-

!
oF POSITIVE INTEGERS Avo THE S-Acnow on Lp) 15 THE owky

y
PossIBLE onvE (e 'p zp ),

es' (E) = 0, )

a
wHERE 1y} 15 T™E BASIS FOR Lie(S') DuAL T> THE BASIS
{4} FoR wLe (S') = iR THUS,

: A
§=da = es,(eug) : 00y & .

/6,



DERIVATION FOR k= |

t4 mis
C = E e .g2 = & 2
|
ir} = X et P =P

Y 3
€ HAS ITS USVAL ORIENTATIoN BS R
R
CHOOSE THE LSVAL WNER PRopueT onv € = R™. THIS CAN BF WRITTEN

¢z, mry = Re(zaw)

: t
AND 1S INVARIANT UNDER THE S -ACTION oN C .

THE CORRESPONDING ORIENTED , ORTHONORNAL FRANE BUNDLE
Tso
soa) —» F E) — {p]

HAS A SINGLE FIBER CONSISTING OF ALL ORIENTED, ORTHONORNAL BASES

2
FokR IR~ AnD CAM BE I1DENTIFIED wITH

' e S — ir}

1,
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IDENTIFICATIONS
cost -swi 2 ,
€ Sola) «> e €S8
siwd cos i

o A . [ .
()\ a)er'ta.) & As € Liets') = R
Les' &> omenmE, oRmovORNAL BS!S {5 €7}

] ] .
A convEcTion onv S => S —> 1P} 15 AV 4 R- VALUED I-FoRN w

[}
oo S such THAT

L
) R w

3

t2) w(A”)

3"“’3 (zw) VgeS'

A « Azas € sR (Av0 ¥ REFERS TO THE

" RIGHT S - AcTow w_S'H: S — ipy )

!
SINCE THE LEFT ACTIoN OF S on Fso"': ) = §' 1s nuLTIPLICATION BY

n i N §0¢5) 1S S IVARIANT

e , n = ANY CONNECTION ©

' 1 ]
oin Q (S" iR) = | So Avny CONNECTION W 15 A NULTIPLE oF

THE STANDARD (METRIC ) VOLUNE ForN Jde om S’

Anvy NULTIPLE oF dO sANSFIES (1) BECAUSE Ry 1s aw 150nETRY

WE SHow THAT () REQUIRES THAT w = 4 J6 :



conporE dO(AY) R Aai€e iR : AT Avy e S’

(dem"a)cs) : ﬁ”cg) (6)

d
4 (O(5-exptrhr))
di £20

r a'a.«t)
Zetse ”zw
¢e"“))) c§=e‘¢)
kzo
A.‘¢'IR£),)I
2=0

(o e’

(6 Le

Rl Rl

= £ (grad)
dé * ,t=o

= a  (IVNDEPENDENT of § )

THUS

(ide A"y = da = A

WE CANV SATISFY (2D owNLY IF
wz: £d6

[
WHICH 1S VR (S - INVARIANT ) CONNECTION o THE FRANE BUNDLE

FOR THE CURVATURE wE HNVE

Q =0

T
CAREFUL : TMIS DOBS NoT Follow FRon d 2O | )

19,



Q,=Q'T = - J =-T'J
i «d .

e
THE IDENTIFICATION (.; 0 )e Ao(a) > ri€ 4R ceEs

PRPeas) = XAz -0 (ai) seo

PF(-QS-) = "“.Qs' =4 3}0’6

FoR Avy € = aa € Lie(s'),

PHCE) = 4 T 08) = < Liderg®y=-¢%o)

!
(# mow REFERS To ™E LEFT AcTion oF S owm F (€ )+ s'

™E S'—ﬂcnmo:o E ).
FoR ANy § e F LE),

£°05) = (exp(-28)-5§) Itra

Q

d
A
-dad
= FJZLE 'S)"ﬁap

d .ti‘
. ;Z(e- naJ.S ),f,':o

LY4

- §”ce)£§)

- 85

¢ PR, )egr ILS)

INDUCED BY

‘€0,



“Anal
(”(ns.)tg))LS): -%t(elﬂ ﬁ;‘s)))‘t

o
s - i— (o (é.'d‘tn‘“‘.) )'t-o
C4 - edi )
= - 7‘12- (@-4na) ’g;,
: n,o
: 0, ytd) ( INDEPENDENT oF § )

*
wHERE 1y % s ™E BAsis For Lie(s') bupAL T THE BASIS {4§ For

Le(s'),

PF(Q.. ) = Ny

SvcE YIS nas o Forn PARTS | PF (.. ) = M) ALSO . SIVCE

THE BASE SPACE 1p} 1S O-DIDEVSIONAL ds' =0 So THIS IS

ALso A COWonoLoGy CLASS. THUS,

A nda
E = C e*z:e 2
™ ,
J E es|LE)= n.y
= L4
X = ip} etp: p

<,



TNE GENERAL CASE INVOLVES A BIT NORE WORX ( DUE TO THE FACT THNT THE

STRUCTURE GROUP OF THE FRANE BUNVDLE 1S MOT SOR) £ §' )  gur

ESSENTIALLY THE SADE 1DERS.

!
RETURN TO THE SITVANON oF IWTEREST IV DISCRETE S - LOCALIZATION

NptZe$7r) = N, (ZdD) @ - 8 Npp (Z(§™)
rf.: r’.‘?
: (ce--6C) & - & (ce---0C)
mp, 44 g 4 ""M"m em"”“
ﬂp..t“. e‘n':&‘i‘
Npt2(4%)) ﬁ
| ) ¢ 0
{e} g Y 4
‘&.

e (NplB(E™M)(E) = Np,= o g &

aa,



ALSo RECALL THAT
Lpt§) = Lotia) = alywi)

So
PR (Lpt€r) = PPlLpud)a

BUT  Loti) IN,J_;(Z(;‘”,) f Jg.i So ™E NATRIX OF Lptd)

RELATIVE To THE BASIS GIVING THE DECoNPOSIMON ABOVE CONSISTS OF

DinGonvAL BlockS oF THE FORD

[+ mP'J' et ]
-"’l‘,’j D .o ° (]
0 0 (o] m,"'
o © R T
so PF(lptay) = My, = n“E . ™US,

PFLLatgr) = €, (N (28" 8)

AND WE HAVE PAcconPLISHED OUR OB3IECTIVE ofF SHowiInvG THAT

(1) cAnv BE WRITTEN mo THE FORN (),

a3,



