FUNCTIONS OF TWO OR MORE VARIABLES

THINK ABOUT A GULITAR STRING TIGHTLY STRETCHED 8E TWEEN Two
FIXED POINTS .

- X

R S

PLUCK THE STRING To SET IT IN NOTION, £ “SNARSHeT = oF THE

STRING AT SonE LRATER Ting % nNIGHT LooK LIKE

20%,4 )

2tx,4 ) = HEIGHT oF THE STRING AT LocATION X BND Ting £

To DESCRIBE THE NoNoON OF THE STRING WE NEED T KiVowd TS SNAPSHST
AT Epcy TnE £

ALL OoF THESE SWAPSHoTS CAN BE ConBINED INTp A SINGLE PicToRE By

’

“STRCKING  THEN ALonG A £-AXIS :



\
kY
LY

2ex,£) 1S A TYPICAL EXRNPLE oF A " FUNCTION OF Two VARIABLES " Anp

THE SURFACE ABOVE 1S TS “GRAPH . HERE's THE DEFINITION :

A FUNCTION OF TwO VARIABLES (SAY, X AvD y ) IS A PULE F whick

ASSIGNS To EACH ORDERED PAIR (xX,y ) oF REAL NULNBERS

IN SONE SUBSET OF TWHE Xy - PLANE ( CALLED THE DonrIN ofF

THE FUNCTION ) ExAeTLY ONE REAL NUnNBER

2= ch,y)

CALLED THE VALVE oF P AT o, y),



EXANPLES :

I, 2= f-‘cx,y) = xtey?

2 2= pcx,y): Y 1-x*y*

3. 2=p¢x,yJ = 16’—:;'_'

DonAId 1 ANl (X,Y)

CRPPH : THE CIRCOLPR PARPBOLOID
2= x4+ y*

DonNAIN @ ALL (X,Y) SATISFYING

l"xz'yz v O
l % xz*)'t
xhy®t ¢ |

(7M€ urniT DISC)

CRAPY : THE UPPER UMIT HENISPHERE
xyi+2®z), 230

DonpIN :  ALL X,y ) SATISFYING

)/—xz > 0
y > X%
ALL PeinvTS wSIDE THE
2
PﬁRHGoLIy) /: X

WE Do NoT YET Kmow THE GRAPH oF THIS oE, BUT WE twill Sopw,



IT 15 POSSIBLE To OBTPIN) SONETHING LIKE P “PleTupe " oF A

Fuwenon 2= Fex, Y) @iTHoUT DRAWING TS GRAPY IN SPACE,

A LEVEL CURVE FoR 2=Fux,y) 15 A curvE v THE Xy- Puame

ONv wWHICH THE FUPCTION TRKES OnLy ONE VALVE, I.E,, «wiTH AN

EQUATIONY oF THE Fopi)
Ptx,y J=C

FOR SONE CorosTHOT C

X Pcz,y) :C

DRAW ENOUGH oF THESE, LABEL EAcH wiry TWE “C " 1T cANE FRon

(S0 THAT You Kmnow How HIGH 1T SHOULD BE LIFTED TO GET TO THE

GRAPYH ) AND YOU NAVE SonNE IDEA ewHAT THE SURFACE LOOKS LIKE

EXANPLES :

1. 2= Ptx,y) = x*+y®



ENPTY IF C <0
Cs,0) WF C=0

Xz-;yz:: C
CIRCLE IFC >0

LEVEL CURVES :

-2

&@\,

NOTE: 2=Pexy) o (xTiyr HAS

22 2= PLX,y) = vV 1-x*y?
LEVEL CURVES : /1-x*-y* =C NoTE: C % O

THE SANE TYPE OF LEVEL CURVES,

,_xz.yz = C
2
"‘z"'/z = -1dc EnpTy IF C %)
xt+yt = [-¢F 0,00 1F C=)
CIRCLE IF O ¢ C ¢ |



3. 2= pcx,y) -

LEVEL cugyes :

COPIES OF THE PARABOLA Y=X'
o
c
o

CNOT A LEBVEL CURVE )




LIFT THE PARABOLA y = X'+ % uP Fron THE Xy-PLANE To WEIGHT C
!

TO RETRIEVE THE GRAPH oF 2 = s ¢ THE VERTEX wilLlL
-X

LAND oro THE CURVE 2= 7_"; , T.E., X=0 )  THE SVRFACE

Look$ LIKE THE HULL OF A (REALLY Bic ) SHIP

A FUNCTION oF THREE VARIABLES ww = ptx‘y’z Y 1§ DEFINED
IN EXACTLY THE SANE wAY , BUT Now ITS DonAin 1S A SUBSET

oF 3-sPAce, E.C.,

W= ptx,y‘z )= «/:..xz.ykg?-

1S DEFIVED WHEN
1-xt-yt-aty 0

1.E.
’ xtiyts 2t 2 )



AND THIS 1S THE SoLiD vniT BALL 1w SPACE |

SINCE TWE DoNAIN 1S ALREADY 3-DINENSIONAL, A “GRAPK " FoR

SUCH A FUNCTION woulD HAVE TO BE IV " y.space .  SInce
T DonN'T Kpow How To DRAW N H-SPACE e wiLl HAVE To

SETILE FOR OTHER NEANS oF " PICTURING " THE FUNCTION). HERE's

A REASONABLE PROCEDUVRE :

IDENTIFYy THE FUNCTION wITH SONETHING PHYSICAL

™A1 You CAN RELATE TO, E.C.,

Pex,y,2) = TENPERATURE AT THE POINT
¢x,y, 2 ) v SPACE

AND THEN PICTURE 1ITS LEVEL SURFACES

ch,y,a) = C

( SURFACES oF conSTANT TENPERATURE  I.E., ISOTERNAL
SURFACES ) .

EXANPLE : Ptu,y.;) = X'*)’z'lz'

LEVEL SURFACES :



[ HYPERBOLOID oF | SHEET IF C >0

CONVE 1F C =0

| HYPERBoOLOID oF & SHEETS IF C < O

NOTE THWNT IT'S EASY TO FIND THE LEVEL SURFACE THAT1 GOES THREUGH

ANY GwEN PoinT, E.C., FOR Px,y,2) = xtiyt- 2t AND

o THE LEVEL SURFPACE

xtiyt-2t=y



