


Q. LET 5 8E 3 SET oF REAL WynBERS THAT 15 CLOSED UNDER
HULTIPHICATION L THAT 15, 1F 2, Ano b pre 1w 5, vHEWN S0 s ab ).
;.&j" T ave U BE DISIoNNT SUBSETS oF S comose vrnors is S,

GIWEN THAT ‘THE PRODUCT oF pry THRSE ( NOT NECESSARILY DISTINGT )
ELENENTS oF T 15 w0 T Avp mﬁT TRE PRobLCT aF Ay Téé?ﬁé‘ '
EJ.EHEN’?‘S OF  1J 15 1 i, Sl—j;‘)f(_.gt??ﬂif LT ;F.@f?‘ OINE oF THE mm

.SUQSJ::TS T, :s CLOSED mvaere nw:;lm,sc:%*mw

SUPPOSE NOT, THEN THERE EX1sT A, 4, w T i LA, v U gue
THERE EXNIST M, ., w T wirng M H, i T, BuT TYEN
LA A, VM M, 1SN U pvp £ L, k3 05 T HowBJER

by b Y, My = Ay oy (o, My 3 AV TS LONTRADICTS TnU = &,

3. CAN UNCOUNTABLY m’iwy NDNiNTEI?SLCHM«G COPIES OF. THE FIGURE - EIGHT
o177} WHBTEVER OEJE!\J?BW_&N ANp SIZE (G, 8, o 5’ Fc. )

BE PHCKED INTO THEPLANE & JuSTIFY YOUR ANSWER,

No! THE INTERIOR OF EACY LOOP OF A FIGURE-EIGHT 1S A NONENPTY OFEN SET

W THE PL.QNE AND SO CONTRINS A. POINT Wity BOTH COORDINATES RRTIONAL -

.i THESE ARE DEMSL‘: Y IR ). | .CHDDSE On:é 3ucﬂ Raﬂdn.lm. POINT w-"sm:e Laap' -
FoRr Eﬁf:ﬁ FIGURE - Emﬁ?‘ ¢ am ELERENT OF &n @ x Q x& ). wamwrﬁwccmve
F:augg,:amams cww:r nﬁu.e m& SOnE - mPLﬁ OF eammas SINCE

@x Zax QX & is COONTABLE SO ts muy SET of wm:wmwcm\m FJGUI?E 5:@#75
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4. DEFNE A SEQUENCE 14,7 = B M, =4,

FOR N %0,

, My Uy, )_
det ( R

e 3

!

Shew '77?13-1'" Mq 1S AN INTEGER FFOR HLL 17 % O,

: )
X Mnqu""n*a_l =Nn.

CODPOTING THE NEXY FEW) VALES OF M, S

M. =2 =2 A

VEGESTS A PATTERN :

M, =3 = 3.

N
h
00
"
x,
X

1)

-.“8.’",

M, = ¢2h)e2f-2) - ¢3¢
.' ¥ . i

R RNTY B YL R e N Y DN

DEFINE_ N 072 BY

{ "23")&»4‘3).-"(3%1} . nz2f

7} { o &BE! é...—;\ - W
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T THE N, SANSEY




_m@u T WMy Eollow )8)/ IVDRCTION. m’; My = AT v 0% 2

lwe: creck ms;m THE Twa cﬁsf:'s n= .;LQ-H Avp Nz .?,Q

| = ,2&%_1

e -1@?"'_‘“1%?2—2#‘{3—‘&@ LI Foe “““QQI?’z‘;—r—qlﬂ*u-H =

chﬁmﬂ 2)- --(2)611:][<2.Q+3)L-?.QHJ—- Ls)u)_‘) [(zm.)a{z -1 )= (3D01) ][clﬂn)czQ)

- t.z)u) J =

ccafradaBin)! - (aBa)! =

(oBr0! [2R43) - LJQ—!L):‘}:— czgﬂ)'

[ < )(2-& _'3)'-.-'«- e cz2 b)) - LZ)C!)J':- [tzﬂ.)ciﬂ'-z) - (22¢ ;) ][_.'_‘cz,ﬂn).-- 5

43)(}1), 1 =

ca-@-n_) (zﬁ)f - (-LQM). - aR>! [c-LQn) ca@}.)]
. = caﬂ)'




- -Adiskof radms l cni. ias a small hole ata pomt ‘half way between the center : -
and the circumference. The disk-is lying inside a circle of radius Zem. A -
pen is put through the hole in the disk, and then the disk is moved once
round the inside of the circle, keeping the disk in contact with the circle

without slipping, so the pen dr
curve?

a curve. What s the area enclosed by the

Let O denote the center of the circle with radius 2cm., let C denote the
center of the disk with radius 1 cm., and let H denote the hole in the center

of the disk. Choose axes so that the origin is at O, and then let the initial
position have C and H on the positive x-axis with /7 furthest from O. The
~diagram below is in general position (i.e. after the disk has been moved
round the inside of the circle). Let P be the point of contact of the circle
and the disk, (so OCP will be a straight line), let O be where CH meets the
. circumference of the disk (on the x-axis, though we need to prove that), and

let R be where the circle meets the positive x-axis. Since the arc lengths -

“PQ and PR are équal and the circle has twice the radius of that of the disk,

we see that ZPCQ =2/POR and it follows that O does indeed lie on the

X-axis.

" Let (a,b) be the coordinates of C. Then a? + #% = 1 because the disk has

radius 1, and the coordinates of H are (3a/2,5/2). It follows that the curve |
H traces out is the ellipse 4x% 4 36y® = 9. We now use the formula that -
 the area of an ellipse with axes of length 2p and 2¢ is wpg. Here p =3/2,

g = 1/2, and we deduce that the area enclosed 15 3/4.
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G, LET F: R > IR BE TWICE DIFFERENTIABLE AND SATISFEY

4 7
pax) yPix)= - 3&:{) ?d-x}‘

WHERE gix) » O FOR AL REAL X. prove 77 1foc] 1s BowNDED,

Pexy+ £lexy = "X G £ ’;x} =2 afofexr + P00 P‘;x}: ~2XG LX) LFixs)?
£
= (R (Plxdt) = ~a.x@cxn?im)’:

: ; 0 F X<
= ((Pexadts fixnt)
o £ 0, 1F K20

—

z z o '
= BP0l a8 v o | CRE9SES T2 TS

NAAINOVA VALLE AT X =& And DECRERSES m&:@*&ﬁf‘;ﬁa

N PARTICOLAR, 1T 15 BoUNDED AND THEREFORE

So 15 Vifr3r = 1Foo E




T ASWER 15 T¥ES". o SEE THIS, SUPPOSE OTHERWISE. THEN, FOR EVERY

N, BITHER  S(w) 4“ % N or | Sin) > } N, BuT po N SATISFIES

SLN) = ‘gr N

| {v:sw>in) #¢
Lér N, BE THE LEAST ELENENT éF' s SET mEN N, > 1, sen, ) EN,,
avp SIN,-1) < L (n,mr). Wow,

Ste-1) L = 5 5w,-) < N, oY
N~ s

AND

SMo) . SN A seen,d ¥ 5> N
N No '

= 5SN,-) > N, -&
. |
UN,-5 ¢ 5Sen,-1) < 4N,

AND THIS 18 1NPOSSIBLE BECAUSE 5 SCN,-1) 1S AM 1nIEGER AND

AN, - & pno YN, -4 ARE CONSECOTIVE INTEGERS,

g, LET RXy BE A POLYNORIAL i) INTEGER COEFFICIENIS EHCH

oF wiCH 15 No LARGER TN K i pBSOLUTE VALUE. SUPPOSE

Pcx> = O FOR SoDE X (ot7H ixl x> K¥). FVD Pex).




W s:mo maT Pix> nust BE aaemnam,y #ERD, sumss, NoT, THEN
| -Pm cAv BE wmms:u | |
ch) : a, x 4-4 x +--—+4 X H-';

‘Wit 150 Avp | o
ST _ CL; e'_'zz, R .__-:9*__,“)_1-;
' j‘IOL;] tT_H',-Ir—ou.--,n
B2y BSSU‘”PW@!\?J 3 X wiTH l')(i_‘,? -}{.;—; 7 '3‘,7; Pex) = o, NCSO‘E THOT

K nogr BE % O AMD ¥ = O 1§ NOT PoSsiBLE BECKOSE A, # O SO

" Kso, THUs, IXl>1 so

. n
x1" < a1 1%l Ca, e Ao Gy #0)

: 0
117 ¢ ta,x" |

il

-

ban X' +-3 a,x+a, | (Px)=0)
a2~}

< 18,11 3. 341X A,

' 0=} lxi -
K (X} v X E) = H(m'

I~

so
Xy -2
n“fl < H (. y) Y )

gur Xl » ¥+ = Xl-1 % ¥ So

: 47 : 0 '
. n . X1 X4 -) 0
DS REEA - torr .)ﬁ K[ % ) =i -d

AND TIMS 1S 1NPOSSIBLE |



9. O LBTNCE POWT IV THE PLANE IS A POINT coHosE COORDINGTES |

ARE BoTY INTEGERS. CHOLSE ANY FIVE DISTINGT LOTTICE
PoiNTs. Show THPRT Two OF THESE PoINTS HPAVE THE
PROPERTY THAT SONE PoivT on THE INTERIOR oF THE

LINE SEGNENT JoimwnNG THEN 1S £ LATTICE POINT,

WE SHOW THHT THE MDPOINT OF ONE OF THESE LINE SEGRENIS 1057 BE

A LRTTIcE PoinT,

LI (X,,¥,) AND (X, %) ARE TWo LATNICE POINTS, THEN THE
70pPoINT E};f—:') }:‘—;—}E’) wiLl RE A LATTICE PoiNT IF AND OWLY bF
x;f X, AND ¥ FY, ARE BoTH EVEN, I.E., IF gD Oty iF

X, AV X, ARE BoiH BUEN OR Bori obR ANR Y, AND ¥ ARE
BorH EVEN) OR BoTdH 0DD, THERPE BRE OrLY FOUR TYPES

OF LBITICE POINTS CPIGEOROHPLES ) !

CEVEN, EVEN Y | (EVEN,eDp ), DD, EVEN ), (ODD, 6pD )

FeR Wy FIVE DISTINGT LATTICE Polvrts (PIGEONS D Ar LERST

Twe rosT BE oF THE SAAE TYPE AnvD THEIR NIDPOINT

s F)LSO 7 LBITIcE PaiaT,
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/0. _ 7 | | o
LET of BE A REAL WUNBER, FOR EACH “\)TEGEI?m Y% O QEFINE D
oD
SEQUENCE caﬂ,c.;))d,_a By
<l
Apnto) = :;r_n'
.2 ) .
a_(d#) = (A i) +23a18) 9% 0,
FUALVATE _
| 'Im_ O, tn)
n-—>%
NETE THHT
. . s 33
Ay co#1) 1= (G tdd) + 20,120
T Qa4 FD
FeR J »0 So
z
Qi) +1 = L Bmito) +1J
2 )‘4
oL (2) 4! = (B V) FV) = {Amio? T}
1h2) .
Avp, BY 1WQOCTION,
. ;{J,
Cig €32 4) = CIRTSE D
THUS, : K
6 tn) = tapco 13 -
n
n
- < Yy
= (v gr\)
So | ) 0
in aymr = hno 14Z5) -1

e R | n =20

' ' x
= 1
= ha 3 I
g




VoW FVALVATE THE LIWT HS 10 CRLCUIRS | LET

X
of
y=(1+3 )
THER y In(14%) —~o0
oy = xto (145 ) = —
. x ~~ ©
50, By L' HOPITAL'S RULE, ' 3
g L% .,
! lin L ho  77E 5
p a = i = 133
N A s
THYS oy = ;
,”’7 y’ = I“') < = &
_x_?m x_.,;!m
So X
lin a,my =< -1
y) > =0 ’

. A CRoSS -CopnTRY RUNNER FINISHES £ SiX-TNLE CoLRSE 1N

30 MINUTES, PROVE THBT SONEWHERE BLONG THE COURSE

| SHE RN ONE MLE w ExgCTy 5 mnaurgg, You Witk

NEED TO FIPKE SOME PHYSICALLY BEASONABLE ConTINWITY

ASSunPTions . e



X (w nneEg)
DEFINE
Fifo,5] — Lo,30]

Fexo = 7me MNLTES ) 7o RUN THE

fHLE FRon X 70 X+]
WE NSSVNE PLx) RS CONTINDOVS, WE PBRE GIVEN THIT
Feoy # ey » Peay +Fe3> + Py Pusy= 30,

THUs, NoTF ALL oF PLo)a--_, ft&') CAN BE. LBARGER Thoan &
AND o7 M oF Peod, ... Fes) con Be Less THaN &

_ THDSJ 3}%}3 € {‘o o .5'} svel) f?jﬁ]‘
Peewy ¢ 5 ¢ Fibd,

THE INTERNEDIDTE VPLVE THEOREN InpLigs 3 C€ (a,b) Ar

which Fcy =8 Sso THE RowneR COVERED THE NILE FRoON

€ 70 C¥! In EXACTLY & NINUTES,

12




3,

SupPOSE O HIAVE SUCH A0 SPDERED TRIPLE LA, A, Ay )A, FOR 1= 1ycee, 1O, d =14 2,3
» r N [ |

_ v, €A , _ .
DeFmweE 1 w { o 14n AVD NoWw THINK OF THESE IS THE ENTRHES
! 3 : '

oF A 1023 DA

F

’ ni‘z_, Hua —1
1 = ay Mg My
T
- n'ol /- 3= n‘og -

THEW
Ly ) & M OBAS NO pow OF Os

() &> N uds Ne RowoF g

CONVERSELY, GWEN Such A nATRIL oF Os ano s we o3mAM AN
ORDERED TRIPLE L_H,,,ﬁ,_ﬁg ) SAMSFYING L) n#\) ) BY DEFHOWME
BJ‘ = {1edy.., N.D}' I | _} . THOS, MJE CAN COUNT THE NATRICES
INSTERD, B | |
| NUHBE_R oF Poxasumﬁs FOR EPCH Row = Qg"el =§
TEN ROWS = (,m‘ POSSIBLE nﬁ’ﬂ?w&;,' ]




14,

Sﬁ?étmms &ﬁﬁ:r ﬁéﬁgm i TH £l Rpggcfggmfgggg

3. g LARGENUIBER oF 5P
THEY mm""‘”ﬁﬁ?ﬁ @Nﬁwmi,g wrwmg;g LTHER

1 B MUTORY SECRET .

BACEPT wien E EG fﬁ} INTERRUFFS. HIE LINE-OF -5y Py BETIoEEN THED

' AT ALAST T Tws SATELLITES ﬁ;?ﬁﬁ o

;L?féﬁas THRYAT AL TIES
iy _'Q;'.'-';?é?afsﬂ& C&ﬁnam&ﬁﬁm (T THE SHOE NUBSY OF SHTELITES

BY S, Sy AT EACH TIE DEFNE |

£ 5«*;%3 Rl LT

mz Etfﬁ;l%@f &ﬁ wzmﬁ w

65 O BrTECRAN. A THEREFORE

?:;__;j_;j__;f_____g%wg THER f? w

Fts Yo
| ;:ii:-g,.,s ,}*&M

:_ﬁﬂk SoE S g 5 e { Suyems 5:“ § Bur mien § 1510 ROMUNIEATION
E fmﬂf ﬁm oF THE ?ﬁﬁﬁ‘myﬁ{; sgwwmx mmwmé s, s

7;‘_{;;_4313) ;@ !S tﬂ@&&t&f 'I‘Eﬂﬁ 3‘}‘ ﬁﬁ“&;}gﬂﬁ"

ol {s, 4,,‘,, SM } &4?5 i Mﬂf;ﬂtﬁ&ﬂw et ¥ THE mms RDARER . OF




Mo LT Pot) =a vax+—54 %" gE

DEGREE 1) % 2 SvcH Twar
2]
!
O<«a <« - Z &

6 - qd #s &4

4 =5

CL2] s THE GREATEST MTFSER 2 2 ). Spow mar Pox)

HAS A REAL ZERO Iy (-1,1),

NoTE ThHRT Piod =a, YO0 30 F WE CAN SHowd THRT PLx) g NEGQTJUE

SONEWHERE ony (-1, 1), THE INTERNEDIOTE VOLLE THEORE() il

INPLY THAT PLX) nusT BE ZERO AT SonE POWNT 1IN €1, 1),
INTEGRATE PCx) FRon ~t 10 ||

r
£
5 Pex)ydy = a,x| + Za
)

ALL oF a - - oz : , -
T?f 28 TERNS ARE 28Rp ., THE &gﬁ TERN S ARE
; 2841 2 '
) {1 - ———r——
af+) 2f X }.., b 4 QZ-‘%
n (1

[}
‘ 2 ! a
n EVEN S Pex) X Z B % = 2 2B 40
S | ‘ ,

2 REDL PoLYNOTIOL oF

/5.
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/6,

IN EBITHER CﬁSE) S PL.Z'()C{X <0 80 Fuxy) nusrt BE NESATIUE

£

. SONEWRERE org C(-1,1) AND THIS CONPLETES THE PROOF,

s

Let n be a positive integer. Which is larger, n*"* or (n+1)"?

-~ Forn=1, 12<2 forn=2, 23 < 3% forn=3,34>43. We will prove,

by induction, that, forn =3,

n™ > (n+1)"

that i_s,_
| n‘n+1
RSV
Let k >3 and assume that
| Jkt+1 _
Alk) = (_]g—:i-l_)k- >1

We complete the proof by showing that A(k + 1) > 1. But




Al + 1)
A(k)

il

A(k_+ 1) = AR (—————)

(k+1)*+2 (k+1)k

:_ A(k) ((k+2)k+1 kk+1 )

(k+1)2k+2
= A (Geraigee )

(k+1)?
= A0 G )

k2+2k+1
= A(k) ()t > 1

/é . LET N w2 BE AN WIEGER AVD T, BE THE NULDRER
. OF NONEFTY SUBSETS. S of {; 2, 3, § cnTy THE PROPERTY
. THE AVERBGE of THE ELENENTS 1N S$ 15 Awv INTEGER, PRovE

e T, -0 15 Arwidys Eu&m‘

. E.HCH oFf WE | ~ELERENT 357'5_ {l}, {Qj, — {ﬂ& HBS THE RECHNPED

PROPERTY

T/TDSI Ty =1 s THE WUNBER oF SWBSETS S oF 14,2 ,,_,_,‘5 ¥
LiTH AT LEBST Tiop ELENENTS FoR wWiticld THE PVERDGE fzus } oF

TS ELEDEWTS 1S BN INTEGER, FoR EACH svcy S, pm(S) 15 ALSO

v {n3,..,n § Avo EmER piS)ES or W(S} S, MOREOVER,
Fop(Sd e S, THEN 8 rusT CowtBn NGRE THIN Two ELENEWTS

( 222 4 = asb ).

1.




18,
IF pS)Y €S, men S - {juS>} 15 8 seT wim THE sane AVERAGE pis?,

AT LEAST Two ELENENTS Avo pi(S) & S~ 1mCS3} 17 pesr ¢ §,

mEny  SU LIS 1S B SET wimy TIE SONE AVERABGE pMiS7

AT LEAST Two (W FACT, THREE ) ELEDENTS AND HLSIE Su {;435}}‘

THLS | THESE SETS OCCUR ind PRIRS So THEIR NUDEBER 1S EVERN,

S99, uET d, B THE DETERDIWENT OF THE DX N NATRX OHOSE
\ENTRIES | FROM LEFT 10 BicHT AND THEW FROM TOP 10 BoTT201

. L 1
ARE cos 1, cos R, -y COS 07 LFOR EXDVIPLE

c_és ! cos A 55 3

dy = ; 'Vc'os' +f cos 5 cosé
cos T cos® 089

TE BRGUDENT OF 095 IS ALWAYS &) RADINS, WOT DEGREES. ) :
gvprwatE  ho d, . -—

L&}
G-y a0

WE SHOW TT THE LIRIT 1S O BECPUSE o, = For bl D % 3,
FOR Svch HQQ n, _o/n 15

cos i coOs 2 ces 3 - LOS N
cosinkt)  Cosinrl) cosinid) - - fos2n

costngg) cos@nil) coscin3) -— ops 39

cos{{n=1n :H) cg_;((ﬂ-r)n fz):os(m-r)n #3) oS z




REPLOCE THE FIRST COLUNN Lond¥ THE S0 oF THE FIRST CoLoniN pmoD THE THIRD
COLOTTN -

coes i 4 cos 2
cos indi) FCOs(n¥3)

cos (1) I ¥ Cos (2033 2

.
i

coS (eo-1Ind1) + eos(to-)n+3 b

NoL> PPPLY THE TRIGONOTIETRIC IDFNTITY

Cos X + cosy = Qecos (B ) eos (7D

sottich  FoLLowlS FRoD

Ly \ Xy
cosX : cos(—’%g + )%_—Z); Cas(%_ij)casfg)_g;.\;(%ﬁy)sw{;_f,)

. , X¥Y S ' Msm[m}
cosy = cos () wsc*{)mﬂz)*s’“‘%) <

THE FIRST colLN 15 NOowd

2ces eos

2 cos iny2)e2s )

2 cos (IL) s )

2 cos (m-yn+z)cos )

CwHIch 15 O NULNPLE OF THE SECoMD Colpnn) AND So THE
| DETERMWIANT 153 ZERC, ' |

.



20.

'8, PROVE THIT THERE EXIST i inFwaiTE NOPBER OF ORDERE D
PAIRS (avh) oF INTEGERS SuCh T™HHT, FoR EVERY POSITIOE INTEGER £,
THE NUNRBER ak *B 15 A TRIPNGULAR NUFIRER |F AND OWLY IF £
-.:s A TRIGNBLLIR NONGBER | (  THE TRIANGULAR NP BERS ARE

i)
e E, * X

WITH 1w {0)111,1"‘3‘ '

Ny ) ' 2
noTice THAT L= M;.,, = 8&t+ = ‘fnz"%‘!oh = (2n¥) So

£ TRgweuLAR =% 814 +1 15 B SQUARE.

CoOWVERSELY, 1F 9441 1S » SQUARE 1T NUST BE THE SRUPRE OF SONE

oDD INTECER &o 9t3) = Mnka)l = Hattdn p = S = damnl=p

P
A= R s,

4 TRianeoLar &2 GE+1 15 8 SOUIRE

vow LET ﬁ BE AmY 'am);m?’c:"sﬁﬁ. THEW

£ TRAweULAR L= GLF1 15 A SGUIRE

&= ﬁat-&t ¥1) 1§ A SQUARE
> SR+ RZLy a1 is n sauaeE

. |
= L+ %i 1S TRIBROGULAR

o Ty .
30 wE cAn THKE ta,by = (£, =5~ ) FoR £=n3,5,




‘9. E A Conten CALCULUS MISTARE 1S To BELIEVE THAT THE P.'?aovcf =

){L

RULE FoR 063?101}73.\.1.:‘;'.; shys. AT ( Fg 3. ?‘5,- P = e
: __QETSMNE, erH- PROOF, (OHETHEKR THERE EXISTS AN OPEW l-ﬂ?EWt%E,
: _(,a,b) Aavd 3 :uoﬁz-a?a FomcTiod | § DEFINED on {a,h) suen
TH#T THIS ORoME PRODUCT f,’ut_ﬁ_ 1§ TRUE FOR X in te:“f:fj.

1 .

WE WwANT  ANVD Cﬂ_ab) AND A 4 Sven AT g # 0 8o, on Maé},

2 , 2,
Lexgcx)) = (ex)g"ix)

7 1.

x* 4 . X - X 3
e é_tx} +2Axe Cgu) = AxE Qgcx
| @’cx) + ax gex) = ;hcg’(,x)

u-gx)é'cx) +axgod = O

CON PANY INTERVBL (a, b 7T DEOES NoT INCLUDE = -i“}

' 22 . A
GO+ i-ax Gix3 =0

1S A FIRST ORDER LINEHR EG?UIS'??DM AND SO HRS A SoLuTIoNd SANSFYING

muy' INITIRL COoNDINON AN THEREFPRE LoTS OF NOREERE SoLUTIONS,

0, | THE FONCTHION h’cx,y) 1S5 POSITIVE AND CONTINUOUS FOR O=X 41,
aé Y £ AND THE FUNCTIONS Fex> amo gax}' RE PosiTivE AWD CONTINURIL

CFor~ 0t X £ 1. SUPPASE THAT FOR HiL X, o X2,

. 1 | : : L} . . PL .
P Feys Hex, dy = qux)  AvD qeyy¥x, ydy = 11x),
ja 7 yIEy =3 3087 ex,y Yy

Show AT FOO = gex) FoR 0eX el

2,




2.

DEFIVE AW oPERFTOR T 0N ConTINvaIs FuwcTIoNSs o Lav] gy

i

{Thlexd = S 33!;;) H(x,y}di)f )

O
men T s Lmvesr Teah+ b)Y = aTh + bTE For ALL commvvons

FUWCTIONS h,ﬂz AND ﬂLL'r‘?EaL MUFIBERS a.,};, ) NoRESVER

.Tﬁzg AND fj:f-’
So

Tl(apkiag) = T(T{a?&izg) )= Tiag H;.P) = ap-ﬁiyj

FoR Any REAL NUABERS & AW b,

T o oonovovs on £0.0 Se 1T ACHEVES A mNINUN VALUE I
oncwoneRE . TWS,  Foo - rgex) % 0 T EQUALITY SONBIWRERE aonl
o), we cLmn 1Ay Fxo-rgox) s evmcaLLy 2ERD, SUPRSE

NoT,  THEN , BY LomThuuiTy Qx}-ré;,m Nusr BE PoSITIVE On) SODE
T¢e F«rg ) 18 FoS!TIDE On a1 A

BUT Tltf’wrg) = f- rg Any THIS

INTERVAL wd Ea1d . THUS

<
CONSEQUENTLY SO 15 T (F- rg 3.

VBNISHES SonNEwHERE on Lo,1] Sp THIS 15 (TIPS SIBLE. THUS,

Pox) = rgexy FOR AL X W0 £0,23. nopEovER, T = F= 1§ =¥

. TL _ % -3} @uF FR O = rst So F=5 .
g-m’Tg,_.ré £o ¥ .

21, GIVEN A PoSITIVE IVTEGER n, s How neNY wiys Con g WORITE N

AS A Sun OF ONE OR NORE PeSITWE IWTEGERS



&
NoMCE THIT 1 E ], £ ---4_&% ANVD n:q,+-u}q$ = .3'

L) !éﬁg ¢ Y [BwvD, FoR ANVY SuckH —E:'J
iy Qp-a =0 = agza, so a,=a,:--:% Aw

H
n=ta,

G agea 21 P Ag =adi So, For sonE 124 <R

n:4d'-}-—~--}‘6‘t! e, F) b b (A H D
I e
£ £-0
= ha, + R-L3 (o< b-0<8)

THOS 1wy, EITHER CASE, @, NDST BE THE INTEGER BART OF THE Ouonsal
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