PROBLEN SoLVING SEMNAR

SYLLABVS PROBLENS (S0LUTONS )

| SUPPOSE THE PLONE 1S COLORED wOITH TIO COLORS [ SonE POINTS NRE
RED AND SONE PoINTS ARE BLUE, nNosT THERE BE 7o POINTS 8N

INCH APART THOT HAVE THE SANE coroR ¢

LENGTH L1 THERE PRE 3 VERTICES AND EACH NUST BE ONE oF
TO CoLORS S AT LERST X oF THEN NYSF HAVE THE SANE cotor

C7HIS 1S AN INSTONCE oF THE " PIGEONBOLE PRWCIPLE — which

WE will DISCUSS MORE Fully A BT LATER ).

A. CAN AN ARC oF A PARBBOLA INSIDE H CIRCLE oF RoDINS 1
HAVE LENGTH GREATER Tnom 4 ¢ |
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THE ANSWER 1§ " YEE = T SEE THIS WE CONSIDER PﬁRJ}B&L;BS

FOR @ SUFFICIENTLY LPRGE |
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WHICH DOESW' T HELP HUCH ( 15 THERE AN O FOR wHicH THISIS >R ¢ ),

HEﬁf 15 A TRICK FoR ESTINATING THE INTEGRAL .
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Now wE NEED only SHeow THRT FOR Sonf A, S

ExcEEDS 2.
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4 ALICE AND BoB FPLAY A GANE IV witicH THEY TAKE TURNS RENIVING
SoNE STONES FROM I HEAP THBT LT ALLY HAS 1 STONES. THE NUDRER
oF STONES REMoVvED AT FAcH TURN husr BE ONE LESE THEN 8 Pl?:né
NUFRER. THE w;;w&:’.i? IS THE PLPYER who THKES THE LAST STONE.,
ALICE PLRYS FIRST, SHow ThpT f?fEl?E BRE imFﬁwﬁéz.y n.mvy N

FOR WHICH Bop HAS A LWINING STRATEGY |

To 58y THAT BoB HAS A wWINNING STRATEGY FoR SonE N NEANS T
HOWEVER ALICE NOVES INITIDLLY, BOR HNS # SEQUENCE OF Noveg
CUARANTEED W @i (F.6., IF N =3 ALICE CAN TAKE EITHER

R oR | LEAVIVNG ) op 2 pPnD BeB €O TRRE THE RENAINING

STONES TO WiN ),

L NG GIE SuPROEE To THE CONTRARY.: . THAT Bog HHS A wiiraiving.
STRATESY OnLy FoR FIWITELY BRNY ITMsL HEAP. SIZES - S R
_ )3 = { El')“'.’- ém} . NoTlcg THPT IF ALICE HBS 1 toinrww g -

STRATEGY FoR Song n, THEN 0 NUST BE OF THE FORM
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CERTROINLY, HLICE BNBS P wINNWG STRBTERY 7 n=p-1 ¢ " ™RE mpern ou" )
IF 1T 158 NOT oF TS Fopr | BUT ALICE BPS A eWNwWE STRATEGY

SHE ST BAvE A fovE THRT RESULTS 1d A NEJP SI1ZE FoR coRICH

THE SEConp Te PLAY <(whichy SHE torkl 8BEF AFTER MER FIRST f2ovEé )

MHS A WINNING STRATEGY | I.E. TWERE NusT BE A PRINE p FOR

wihchy nN-p-1}e 8 se n= b+ tp-i> FoR soné b e B,

NEXT NeNCE THBT FoR Pry 0 i N | o oF ALICE oR BoB nusT

HAVE A winwing STRBTEGSY . wE PROVE THIS By INDUCTIOWN,

CHECK OUTF THE FIRST FEul VBLUES oF 1),

" TKE 1" ¥

n=1 ALICE wHnlS

n=Q ALICE wmls ( " TAKE 2" 3

ne3 BoB WINS [ SEE THE STRATESY ABOVE )

ns Y PLICE wins ¢ " TAKE 4" )

ne 5§ ALICE enS | BLICE TDKES 2, LEAING 2 S0
THE SECo~D 1O PLBY BFTER ms

C(ALICE D «ing )

Nows SUPPOSE TuaT FoR pALL ﬁ £ N oNF oF ALICF OR BoB YNas A
ConSiDER A BERP

wWINNNNG STRATEGY FoR H HEAP oF Size R,
oF SIZE 1N . THERE ARE TWO Pps3IBILIMES ;

. THERE EXISTS SONE FRINE p FoR «HICH @,—-CP-:) 15w B
IN THIS CASE | ALICE NS . ( " TOKE p-1 ; THEN ALICE PLAYS

SECOND S0 B (p-1) v B INPLIES ALICE tiNS.)




FOR EVERY PRINE p, £-cp-d> 1s wo7 1w B, wew
BOB wins ( wWHITEVER ALICE DOES, THE SECOWD T

<.

PLRY ( Now ALCE D> DoOES WOT HAWE A wivnug
STRATEGY SO, BY THE INDUCTION HYPOTHESIS THE

FIRST T2 PLAY ( Nowd Bog > DOES ),

THE CONCLUSION IS THPT FOR Any 11 woT i 8j ALICE HBs

A WINNING STRATEGY, 1.E.,1) MUST ETHER Be p-1 or b+ (p-1)
FOR Son€ PRIIE P Ano SonE b wo B, wWE Show mow THT

CTHIS 1S INPESSIBLE IF B 15 FirutE

LEr £ BE ANY WTEGER LARGER THBmN AL oF THE b B. THEN
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n+ bs (p-1> FOR Any PRINE p BFCAUSE n-b3+1 IS ONE OF

THE CONPOSITES LISTED PBOVE,




_'5. - SvppoSE I 1S A HALF-OPEN INTERVAL 10 IR Ave F: I — X 15 A
CONTINDOLE FONCTION SH7ISFYING THF FoLLOtOIRE CONDITION) !
FOR Epcrr X W I THERE 3S H (EAST) PoSITIVE TEGER Nix )
svcy gy P mmoc) =X Lusre [0=x, Pix)= hx), |
Px) - Fefood, oo Plixy e PPV ), . Show mor P

VST BE THE IDENTITY FUNCTION,
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So X =Y.

BEING A ConTINDOLS BISECTION) oF I owe I | P 15 STRICTLY NoNOTONE
. E,, FITHER $mlcny'iwcesasmc*ag STRICTLY DECREASING ¢ +F THIS 15 NoT
QEEEHR\Tﬁ You THERE.IS 7 PROOF AT THE END of THIS SoluTion ), -
| WwE _F/_I?S?’ 5&0&4} ?2}7}7" IE P i3 f}\)ﬂf{ﬁ;f}\éé@é;) THEN ITﬂDST-BE THE '
IDENTITY FONCTION, IonED). Sc)ppass"ﬁ 15 w.::;?;sgsmié, BuF



?IX) # X FoR Sone X€ I, THeEN

MNEX)

) 2
'>(4ch) = X"PLX)<F()()<'--—<p (x) = X
wWHICH 1S NPOSSIBLE ; AND

 p2 Nex) .
X fexy = X vhxyv pcx) >--> P x>=x

COHICH 1S ALSO INPOSSIBLE:

Thos Fix> = x VY xe I.
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NOTE : NONE OF THiS S0 FAR DEPENDS OW
T BEING B BALF-OPEN INTERVAL,

FIvALLY | wE Show Typ7 F camNoT BE DECREASING :

IF I = Eﬂ-,b.)J THEN Paa,-)_ <b go o ELEQENT OoF THE

IVTERVBL (Fiad, b) can g2 v iz mage oF L

AVD TS CONTRPDICTS THE SURIECTIVITY OF F 37 T2 (a, b3,
THEN Pcb) >a S0 Mo ELENENT OF THE fMTEz?vﬁA ca, ?eb} ]




FINOLLY | BERE 1S THE LITILE LENNR WE USED IN THE PROOF,

LERNB 2 LET I € R 8F AW INTERVAL AvD Suppose P+ 7 = I 4
A conmwuous BiJEction. TweEn F s Eiwen STRICTLY INCREASING

OR STRICTLY DECREASING .

PROOF i SUPPPSE NOT, THEW WE CON FgD O < b e c 1n I FoR wihch

EITHER _
Gy Plas < fibd anvp Fby s Feeo

OR .
rid Fia> > pda) AnD p(b) 4 th)

(BECHAVSE Fis a BIIFChoN ). SUPRGSE (OE ARE IN CASE i)
Svek £ s conNwvops TIE INTERNEDIBTE VOLUE THEOREDN
I PLIES THET THE INBEE oF EA,E:J S LF{.G‘L),'{"LL)J FeA Ty

e INNGE oF Ch,el i1s [fe, Feby ], BOT THEW
LR, Peb> 1 A Lfies, Febsy ]

1S A NONEMPTY INTERVAL AND ANY ¥ o THE :wn‘:‘i?wf? oF

TH15 INTERvOL IS ‘TJfE INACE. oF Too FoinTs i £ ( onNE Fﬁon_

ca,b) A omE FRen <b,c) ) pwp THIS CONTRADICTS e FACT

87 F 1S onE-To-onE, CASE Cib) 15 EXPCRy THE SHOE .

FINALLY | NOTICE THAT THE RESULT IS FALSE \F T 15 EITHER DPEN OR
ClosED.  FOR EXANALE, IF I 1s E1THER (0, 1) oR L[o,4] THE
Fonenon Pux) = X +) 08 cpwﬁmuéuf AND SATISFIES

0%x)> = Fhxnsd = - fx) i = = l-xh ¥ = X PR EVERy X .




