NATH &&0 LECTURE 13 SONE LIE GROURS

BEFORE PRoving AnY GENERAL RESULTS WE will TRy TO NOTIVATE eoHBT IS

T0 Cone By Lookive AT THE EXANPLE

S0(3) = LIE GROVP oF ALL 3x3 REAL NATRICES
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NoTE THAT , FOR EACH i=1,2,3  AND FoR BAcy £, ; (k) & S0(3)
AND 0('. o) = m/,
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SIVCE S0(3) 1S A svnaiFoLp oF M, <« tt ) CAN BE ConpuTED

BY CooRrpinATEWISE | I.E. ENTRywise. ) OIFFERENTIRTION @ITH
RESPeCcT 10 £ THIS GIVES
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THESE ARE ALL v T g £50¢3)) AvD, AS ELENENTS oF 0?9) LInEpRLY

INOEPENDENT . SINCE  oin T (S0c3)) = 3, THESE FoRN 8

BRSIS FoR 7';0} (So¢3)). HS, 724(_5‘0(3)) 1S5 THE SET oF ALl
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THESE ARE PRECISELY THE 3X3 PEAL SKEw- SYNMNETRIC NRTRICES



7;,1‘5"‘3’) = VECTOR SPACE oF ALL 3x3
REAL NBTRICES A o7

ARE SKEW- SYynneTriIC
(AT=-4)

NOW NOTICE THE FOLLOWING :

IF A Avd B BRE SkeEw - SYNNETRIC
NATRICES , THEN Spo 15 THEIR

CONNUTRTOR

LAB) = AB-8A

-
PROOF : [AR B] = (BB-Bﬁ)T z tﬁs)T-LBﬁ)7=

B™R7 - pTp" -B)-A) -~ (-A)(-8) =

"

BA-AB = - (AB-BA) = - [A,B]. 0

THYS T J (SOL3)) IS CLOSED UIDER FORNATION oF ConnUTRTORS

WE will SEE LATER THAT THIS 1S TRUE FOR EVERY DNRTRIX LIE GROVP

THVS, WE HAVE AN EXPNPLE of THE FOlLLOWING :
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A REAL VECTOR SPACE \ 1S A LIE BLCEBRA IF THERE 1S DEFINED
on IT AN OPERATION

L ,): VxV =V

CCALLED BRACKET ) Tpr SHTISFIES

1. (BILINEARITY) [anwtbur,u - alv,ud+ blusu]

[~ auwrsbu ] = a [arar) +blar,u’]

2. (SKEw- Synperry ) [ar,nir]d = - [w, ]

3. (JACoB) IDENTITY )

[M, v ] + [, [, w]] + [v, L] ] = ©

NoTES : THE NABTRIX ConnNVIBTOR 1S EASILY SEEN To SATISFY ALL oF

THECE RECALL THRT THE COLLECTION OF ALL $NooTH VECIDR FIELD¢

env A NBNIFOLD 1S A LIE RLEGEBRD UNDER THE LIE BRACKE T

WHEN EQUIPPED WITH THE LIE ALGEBRA STRUCTURE PRoVIDED By THE

CONNUTRTDR 1T 1S CUSTONARY TO RITE 7,4 €S0€3) ) pg

Do (3)

VD CALL IT THE LIE ALGEBRY oF Soc3 ).




70 EXPLORE THE RELRTIONSHIP BETWEEN S0(3) pwp HT(3) E NEED

SonE PROPERMNES oF TNBTRIX EXPONENTIATION :

ForR ANY Nxn (REAL eR ConPLEX ) NATRIX A ONE DEFIVES

st 2
exp(h) = Z ;é‘, /94 = :J+ﬂ+iﬁz+2’-f) *---

o

T will ASSVNE THAT Youv HBVE SEEN THIS BEFORE AnND THAT youU Krow

THAT THE SERIES CONVERGES ENTRYywISE. IN FACT, THE SERIES

CONNVERGES PBSOLUTELY FoR ANY A AND LVIFORNLY o ANY
2 3
BovvDED SET (v R o € ),

I wilL LET YoV LOOK OP (OR PROVE FOR YoURSELF) THE FOLLOWING

BASIC PROPERTIES OoF NBTRIX EX PenwENTIATION :

I. cip (AtB) = exp(A)exp(B) PROVIDED A pnvo B cspnurE

Tri
2. del (expm)) = e ™A )

- NN by
3. exp (A7) = ‘expih)

ALTHOUGH WE wom' T NEED IT, THERE IS AN INPBRTANT (AND ComSIDERABLY

NoRE DIFFICOLT ) GENERALIZATION oF * | 1hAT you SHOULD AT LEASS
SEE So HERF IT IS :
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TROTTER PRODUCT FORNULA : FOR ANY nxn nRTRICES

n
exp(A+B) = lin (elp(%)exPL%))

n-»%o

LET'S Do A LITTLE CALCULATION :

2 3.
LET n = (n' n%,n" ) BE A LMIT VECTOR 1N R~ :
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AND LSE THIS T0 SHOw THAT | FOR AMVY REAL NUNBER X |

exp (£ N) = ;d + (siwt)IN + U‘ﬁoSt)Nz



NoW NOTICE THAT
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ConCLLSION : £ €M Aavp tn' n n’)e M wiry tn )™ rin’) = 1,

LET o -0’ n*
N = n? o -n' legHoe3)
-nz' n' o
THEN

explAN) € SOL3)

A BIT NORE wWoRK wovld SHow 777197" Ty Facr)

3
exp(£N) = RomMNON of IR~ THRovGH £ RADIANS
ABouT THE AXIS IV [R‘; ALONG
A = m',n’,n’) vy THE SENSE

DETERNED BY THE RiGHT- HAND
]
RULE FRon THE DIRECTION oF D

THE FOLLOWIWG THEOREN SHouLD THEREFORE Cong AS NO SURPRISE

THEOREN : FoR ANY £ € R avo Avy B = ', n*,n* )€ Fi?g WwiTH
e pH s nd)t 2 , exp (£N) & S0(3), CONVERSELY | GIVEN
avy R € SOL3) THERE 15 A UNIQUE REAL NUNBER Vt v Lo, T7)
AND A UNIT VECTOR N = cn',nl,nz> ng ﬂ?3 SUCH THAT
R = exp (W),
NOREOVER
(o) IF £ ISIN (2,7) THEN N 1§ UNIQUE

-d
(k) IF £=0, THEN ANy N wiltl Do

wd
ey IF A=, TMEN D 15 UNIQGUE UP TD SIEN



THE PROOF oF THE CONVERSE 1S NOT DIFFICULT, BUT BASICALLY ANOUNTS
To SOLVING A LoT oF ALCEBRAIC EQuATIONS AvD I DO NoT wANT

To SPEND TINE on IT HERE (IF You wouLD LIKE 70 SEE A PROOF

T wilL SUPPLY A REFERENCE ).

FRon THE THEOREN wWE CoWCLUDE THAT

@xp : AS(3) —» S0(3D

1S SURJECTIVE |

AS / SET oF NATRICES AT LEAST, SO(3) eAn BE ConPLETELY

RETRIEVED FRon TS LIE ALCERRA Ao ¢3).

NUCH NORE 1S TRVUE , HOWEVER | EVEN THE CHARTS on S50(3) chn

BE OBTRINED FRon Hg(3) !

To SEE THIS, ROTE THE FOLLOWING ;

4
SO0L3) 1s A SUBNANIFOLD of R So THE TANCENT

SPRACE Qo (3) CANV BE IDENTIFIED wiTH A
q

( 3- DINENSIONAL ) VECTOR SUBSPACE oF M

THUS, O (3) CAN ALSO BE THOVEHT oF BS A

%
SUBN3NIFoLD oF R s

exp : DIL3) —> §0(3)

1S A SnoerH nPAP BETWEEN THESE nNANIFOLDS
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THUS, wWE CAN CONPUTE DERIWVATIVES EXP *p FoR THIS NAP AT ANY
- 3
pE HoL3) (NoTE : 403> 2 mP s Totoet3) ) = M™ A
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IS A SNOOTH CURVE IN L0 (3) wnurH <(8) = O awp c(?o) = A,
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THE INVERSE FUNCTION) THEOREN THEREFORE INPLIES THAT

Cxp : A5 (3) —» SOL3)

IS A LOCAL DIFFEONORPHISH NEAR O € Hot3). SINCE CXP(6): e so(3)

WE CANS FIND BN OPEN NEIGHBORHo0O U oF 1d v S0(3 ) orn whicH

-]
exp EXISTS AND 1S SNooTH AND NAPS oNTO AN OPEN NE|GHBORHOOD

. 2
oF O N Hp(3) = R . THUS,

]

cuU, exp )
1S A CHART AT :(/ i SO(3)

Now NONCE THAT THE cHART AT 1d 1 SOE3) GIVES RISE T0 A CHART
AT ANY g w Sot3) BECRUSE

L’g : S0(3) —» Sot3 )

L, ch) =g‘7
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IS A DIFFEONgRPHISN  ( So Lgl U) is BN OPEN NEIGHBERHOOD OF

[ RY)
g ™~ -
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esp o Lg., d

A cHART NAP )

BASICALLY EVERYTHIVG ABOUT THE LIE GRovP SCL3) CAN BF RECOVERE D

FRon THE LIE ALEEBRA A5 (3)
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