TOPO;DGICAL SPACES AND CONTINUOLS NAPS

SONE NOTIVANON FOR THE GENERAL DEFINITIONS . CONSIDER THE SET

X:e TRI 121,2,3 }‘

.

3 \
R : {x=x,xtx%)
(EVERYTHING IS TIE SANE FOR Avy K" ) .

MATHENATICAL STRUCTURE :

tx',x': xz) + ¢y:y‘,y’)
L 3 3
X'ty Xty , X Hy)
U T |
ax,x,x ) , o€ R

X 3
(cn(', ax,ax’ )

I. LINEAR (VECTORSPACE) : X +y

aX

"

x'y'+ xtyls x’y?

2. JNNER PRODUCT . 4%, yY

pxnd = x> = oxH e o’

3. METRIC : dix,y) = Ny-XIl = DISTANCE BETWEEW X Awo y

1x€e R : lelx)t £}

4. TOPOLOGICAL : U, «p)

OPEN BALL OF RADIWS &£ > O
3
ABouT p € R

U < )‘R3 IS OPEN IN IR3 IF Y PpEU

3EY0 s.T. Uepd € U



EXERCISE 1 :  SHOW THAT THE COLLECTION OF oPEN SETS Inv 1R’ Més THE

FoLLOwING PROPERTIES
3 3
ta)y @ avp R ARE opEd v R

3
(h) U.‘ OPEN IN IR3 VeeA %ag' U, oPEN v R

3
te) U',,,,.,U& OPEN IN IR3 => U,n---nU:Q oPEN W IR

3 3
RECALL THE FOLLOWING DEFINITION FRON ANALYSIS . A NAP F:R—-R
'S CONTINVOLS IF FoR Ench p€ R’ Awp EAach £>0 3 530 ST

dlf’.") < $ => d (Ftp),pcx) )< £

3 3

THEOREM : F : R —> R 1S CONTINUOUS IFF INVERSE INAGES OF
3
OPEN SETS PRE OPEN | 1.E., IFF Y oped N w R

F vy = dxeR: Pioevy

3
1S oPEN IN R™,
PROOF : = assuné F 1S coonvuovs. LET V BE OPEN

- 3
v fR3 . wE SHow THpT F ,LV) 15 OPEN v R ™,

LET p€ F'tv).  mew pq:)e. V. SINCE V 1S opEN 1V R>

Jevo st U hpde vV,



SIvCeE P IS comnmvovs 3 Sv0 s.T.

dep,x)e¢ § = d(Pcp),P&x})‘-E
I.E.

XEU;p) = Fue Uihprev
I.E.

)

U pd € V)

AS REQUIRED,

' -t
&= Now ASSUNE F SATISFIES V opEN => £ (V) oPEN
3
wE SHow THAT F 1S ConvTIvLoLS LET péE R~ AwD SUPPOSE

E Yo 15 GIVEN,

-
U thp) orenv = F (U, (Peprr) opEw

-1 -l
sivce pE P Y cFpn), 3 §v0 s.T. Usep) € f (l{.cpcpn ),

THos, |
X€E Uscp) = Foxd € Ue L‘!LP))

1.E.,
dep,x) ¢§ = J(pcp),ﬁx))‘ﬁ

AS REQUIRED, 1|

THE POWOT HERE 15 THAT “conmnully €A BE EXPRESSED
ENTIRELY v TERNS OF " OPEN SETS .



GENERALILATION nNOTIVATED By THIS

A TOPOLOGY oOn A NONENPTY SET X 15 A COLLECTION ‘:rx OF SUBSETS

OF X wWiITH THE FOLLOWING PROPERNES :
oy @ avo X Ake w J

oy Y e T, v e A '—'—*P’(LQJ”U_‘ e Jy

) u,,. U €, F Un-ny €

THE SETS IV :Tx ARE CALLED THE OPEN SETS OF THE TOPoLOGY ANWD

X TOGETHER whTH ’jx 1S CALLED A TOPoLoGicAL SPACE .

IF Ty 15 A PoLoGY FoR X A Jy 15 A PoLOGY FoR Y, mEW
A NAPPING
F:X =

1S SAID TO BE CONTINUOVS IF

veT, = FuneTy

EXANPLES :

3
1.  THE COLLECTION oF OPEN SETS 1v IR~ DESCRIBED ABOVE 15 THE

3
USVAL ( oR EUCLIDEAN ) ToPoLogy FOR IR |

IN EXYACTLY THE SANE WAY pnE oBTAINS THE LSVAL (oR EVCLIDEAN )

n
ToPoLOGY o Avy R



™E SANE PRooF AS THAT GIVEN FOR R ABoVE SHowS THAT Awy

npp
F: R - R

1S " connnuovs WiTH RESPECT To THE USUAL TOPoLOGIES ON

R” avo R™ " (VopEniw R™ = FTv) oy w R" )

IF AND ONLY IF 1T 1S " connovovs Iy THE SENSE oF ANALYSIS ¢

(vpE R avp YVE>0o 38§70 8T dipx)<s$ = difips, fixi)< € )

™S, ANYTHING WE KNvow FRoON ANALYSIS TO BE Conouvovs

E.C., . )
F: R — R
o X <t
[ ] - L
Fodx,»7) = hexh le’)")

15 CONTIVVOLS IV OUVR NEW SENVSE AS WELL,

EXERCISE X :  ANY X cAw BE GWEN THE DISCRETE ToPoLOGY

IV wHICH EVERY SUBSET oF X 1S OPEN (¢ I.E., Jy 1s WE

COLLECTION) OF ALL SVUBSETS oF X ), VERIFY THRT THS REALLY

1S A ToPoLocy, Now, Give IR’ THE DISCRETE ToPOLOGY

avo GIVE R® ITS LSVUAL TOPoLOGY AND FIVD ALL OF THE

3 2
connvovs naps F: R > R .



2. IF X' 15 A TPoLoGIcAL SPACE wiTH ToPoLOGY T, Ao X s
Avy NONENPTY SUBSET oF X', THEN X inHERITS A RELATIVE (oR

SUBSPACE ) ToPOLOGY '.7;‘ Fron X' peFvED BY

jx" {sznU' .‘U'éjx:}

NOTE : TS REALLY 1S A TOPoLoGY FOR X SWCE

Xan® = ¢
XaXx' =X

"

"

«LeJAanU" )2 Xn L-eLé)dU" )

Xou/')a - 0 X0 ) = Xa (U'neny,)

3 3
E.G., IF X € IR Awp R" HAS ITS USVAL TOPoLOGY , RELATIVE OPEN

SETS U v X Loox LIKE

A SUBSET X ofF X' wi THE RELATVE ToPoLoGY 1S CALLED A

( ToPoLOGICAL ) SUBSPACE ofF X'




n
AVY SUBSET oF Awy EUCLIDEAN SPACE MR CAv THEREFORE BE
REGARDED AS A TOoPoLoGICAL SPACE , E.G., THE n - SPHERE

n N4
S = Ly x"eR : xHP e M2 §

OTHER INPORTANT EXANPLES oF TH15 TYPE ARE VARIoVS SETS oF NATRICES,

NOTE : AnY mxn REAL NATRIX cAN BE VIEWED
AS AN mMn - TUPLE OF REAL NULNBERS

" nmn

a cnr O
. , o (Y, m mn
,’ : .4 (“ ’...,a Y LR X 4 'A ’---‘A )
mn
aﬂ' e wn e A

so PAnvy SET ofF REAL NATRICES HAS A TOPoLLGY AS
A SUBSPACE OF SonE EUCLIDEAN SPACE ,

E.C.,

GENVERAL LINEAR GRoUP : GL(",R) = ALL nxn nNATRIES A

TMAT ARE NONSIVGLLAR
C iWVERTIBLE )

2
15 A TOPOLOGICAL SLBSPACE of R”



NOTE THAT det , THOVGHT oF AS A REAL- VALLED FUNCTION om
2
R

n
¢I.E., on NXN REAL NATRICES ) 15 JUST A PoLynvoniAL
IV THE ENTRIES ( I.E., COORDINATES ) So IT IS CONTINVOUS,

™us, y
GLin,R) = del (R-1s5)

T
1S ACTUALLY AN PPEN SLBSPACE oF M"

ORTHOGONAL GROUP :  Otn) = ALL Nx N ORTHOGONAL NATRICES, I.E.,
THOSE A SANSFYING |

ATA = AAT =

nin

NOTE : THOUGHT OF AS LINEAR TRANSFORNATIONS
n

A:R" > R" THESE ARE PRECISELY THOSE wonicy

PRESERVE THE USVAL INNER PRODUCT < » % !

{Ax, Ay > = <X,y )
ALSO NOTE THAT
det (AAT ) = def:d, )

deta)detp™y = I
cdef 8 ) =

detnA = 1)



SPECIAL ORTHOGONAL GROUP : SON) = {AEOwn) : delA= 1}

k4
OlN) AND So(n) ARE BOTH TDPOLOGICAL SVBSPACES of "

AND WE CLAIN THAT SOn) 15 ACTUALLY AN OPEN SET v Own)

LENNA : LET X BE A SUBSPACE oF X' Avo LET F: X'y

BE A CorvnNvuovs NAP. THEN THE RESTRICTIoN
FIX : XY

oF F @ X 15 conmmvuovs

PROOF : LET VY BE Av oPEN SET v Y | siwcE F is comnmuous,
-l
F 'LV) 1S OPBN IV X' . THus, Xaf (V) 1S oPENV IV X,

BLT XnF-'LV) : (FIX) W) so FIx 1s connovovs. 0O

T™HUS, T™E RESTRICTION oF del ™ 0wn) 15 conTivvovs. SIvce
SO(N) Is THE INVERSE INAGE UNDER THIS ConTinvvovs NAP

OF (o0,%) € IR, 1T IS OPEN v OLn),

EXERCISE 3: LET Y BE A SuBSPACE oF ¥ Aavd F: X — y' a
coniwwows nAP with F(X) € ¥ show DinT, THOVGHT oF S

Anap P: XY Fron X ™ Y, F 1s connmuovs.



EXERCISE 4 : LET Y 8 A SuBSPACE oF Y’ pvp F: XY A
connvouovs NAP, SHow THAT, THoVGHT oF AS A NRP

F: Xy’ , F 1s coonnoovs,

EXERCISE S : LET F:X->Y avo g : Y =7 BE Connvuwovs nnes,

SHow T THE conPosimon qof : X = Z 1s anwnmuous.

3. THE STANDARD ToPoLoGY on R” 1S DEFINED IN TERNS OF THE
" 0ISTANCE " BETWEEN Poivts IN R"  ( DISTANCE —> OPEW BALLS —

OPEN SETS ). THIS 1S EASY T GENERALIZE

LET X BE A SET. A nerpic ov X 1S A FunveTion
d: XxX >R
™AT SANSFIES

ta) ch,x ) = ch,y ) vV x,y€ X
(b dix,y) % 0 avwo dex,y) =0 1FF Xzy

¢e) c/cx,y) < ch,a>+ dcz,y) V x,y2€X

THE PAIR (X,d ) 1S CALLED A NETRIC SPACE . GIvEN Avy peEX

AND ANY £ vo wE DEFINE

/0,



U:cp) = OPEN i-'B_ﬂ_L_{. oF RADIWS E ABoLT P

» {xeX :dpwee}

Now DEFINE A SET U € X WBE oPEN IF Ype U J&vo0 s.T.

d
Ug‘P)e uU.

EXERCISE G : SHOW THAT THIS DEFINES A TOPOLOGY on X

CCALLED THE NETRIC TOPOLOGY ).

AS A CoNCRETE EXANPLE  CoNSIOER THE SET

Clo,1] = ALL conTINLOVS, REAL-VALUED

FunveTions on Lo, )

For F,g € Cle,r] pEFINVE

dl."‘,g) s MAX tlhx)- qexy) osx&n}

EXERCISE T : SHOW THAT TS REALLY DoES DEFINE A NETRIC

on CIO,’J .

EXERCISE ©® : DESCRIBE ( GECONETRICALLY ) THE OPEN £-BALL

ABowT F € ¢lo,1] (ORAW A PICTURE ).

n.



EXERCISE 9 ¢ LET Ao UR) DENOTE THE SET OF ALL BOVNDED

SEQUENCES o
X = {xﬂ }0=l = {xhx‘taxJJ"'}

of REAL NUNBERS., DEFINE

dli,y) s d({x,,i‘ iy,y) = svp ly -X, |
n

SHow ™BT THIS DEFINVES A NETRIC o A (R ) .

EXERCISE 10 : A SUBSET C oF A ToPoLoGICAL SPRACE X 1S SAID

T BE CLOSED v X IF ITS conPLENENT X-C 15 OPEro v X |

SHow THAT

tad @ A X PRE cLoseD v X

by C, cosspmw X VeeA = (M C, crosepm X

wed

cey €,,....,Cqclos€0 v X =5 C,u---uC, Closed v X,

4

EXERCISE 1] :  SHow nmAT F : X =Y 1s connmovous IFF
C clossomw Y => Pic) closep v X

EXERCISE 11 : DESCRIBE AT LEAST ONE " INTERESTING  EXANPLE of

p CLosep SET ™ EAcH o Clo,1) Ao L (R),

iR,



TO NOTWATE THE NEXT INPORTPNT 1DEA wE CONPUTE AN EXANPLE

2 , 3 .
S = {x=ux,x,xXDER 5 oxn =z ox o ied s }

3
Cwi™ TS RELATIVE ToPOLOGy AS A SUBSPACE oF R~ ),

St 1)

DEFINE

U - - in} (AW oPEN SETIN S )

e : U~ R®  (STEREOGRAPHIC PROJECTION FRon N )

3
Pscx',x',xs) : INTERSECTION wiTH X~ = O OF THE STRAIGHT
LivE THROVGH N= (0,0,1) AND Xz (XX} x’)

X x*

EXERCISE 13 : PROVE TS LRST FoRNULA,

‘fs 1S CONTINVOVS ON Us (BECAUSE IT IS THE RESTRICTION To Ug OF

3
A (CALCLLUS ) ConwnnvuovLs NAP o R"- {’(’= 'j ).

3



2
€5 15 ALSO OoNE -To-owE OV U, AVD NAPS onTe IR™ BECAUSE
ITS INVERSE 1S EASILY Founp (L(INTERSECT THE LINE THROVGH

N AND )l-z LY'.yl) (2 ’R" wiry SL) s

S
‘e-l ‘e-l 2 2 2
ty) = ty',yt) = ay'. a nyh -
'sy Syy ,,’"y"t(yl y) Y ')
-)
‘t’s 1§ ALSO ConNPVLOLS
€ " JDENTIFIES Us Wiy m‘

€, " COORDWATIZES N Us , EC., S=1(0,0-1) 1§

ASSIGNED COORDINVATES

to, 0 By ‘t’s .

SINILARLY , ONE CAN DEFInE STEREOGRAPHIC PROJECTION FRen S

2 2
€y U, :S-{s) R

U i
- LR TS | - X -!—-
Co¥) = € ux,x,x7) = (Hx3 " 1x3
. L
€, R = U,
- | .l ' 1
€y ty) s €, iyt T —— (', 2yt -uyn)

1+ hyn®
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GENERAL DEFIiTIONS NOTIVATED BY 1718 :

IF X avD Y ARE TOPoLOGICAL SPACES AVD IF THERE EXI1STS B ConNTINLILS

BIJECTION h : X =Y oF X onto Y wiTH A Conmmuwovs INVERSE

-l

-l
h :Y—> X, T™wEn h is chLLED A HonEonorPnISN (as1s h )

Avp X Aawp Y PRE SAID To BE HONEONORPHIC (oR TOPOLOGICALLY

EQUIVALENT ) AvD we write X 2 Y,

E.G., Us Avo U, ARE BoTH HONEONORPHIC
To IR" ( HOWEVER  WE WilLlL SEE LATER THAT

2
s s nvor HonEonoRPHic TO M© ).

n

EXERCISE 14 : SHow THAT = 1S AN EQUIVALENCE RELATION oW
THE ColLECTION OF ALL TOPoOLOGICAL SPRCES, I.E.,

ta) X X

by X =Y =y =X

ced) X Y avp ¥ 2 Z = X =72

e

i

IF X 18 A TPoLoGICAL SPACE AnD N 1S A POSINVE INTEGER | THEN

AN N- DINENSIONAL ( COORDINATE ) CHART oN X 1S A PAIR

(U,¢), WHERF U 1S AN OPEN SET v X Anvo € Is A

n
HONEGNORPHISH oF U ONTD AN OPEN SET €U ) W™ R,



1.

E.6,, (U;,%€¢;) AnD (U, '€, ) mpe

3
Q- DINENSIoNAL CHARTS on S~ .

IF XE U, ™EN (U,€) 15 CALLED A CHART AT X, IF THERE IS A
chART AT X FoR Every X € X, THEN X 1S $AID To BE

LocALLY EUCLIDEAN .

E.G., S* 15 LocaLLy EucLIDEAN |

NOTE THAT FoR POINTS X w Us"UN = S"- i{n,s} , Two

SETS OF CooRDINATES HAVE BEEN SUPPLIED, E.G.,

e (wE,2,2) = (T, )
‘E”(i't,t:t) = %‘-:5’)

WE WILL NEED THE " CooRDINATE TRANSFORNATIONS  THAT RELATE
THESE TLoO .

GENERAL DEFINITIon @ IF (U, €, ) Avp LU, €, ) NRE Two

n - DINENSIONAL CHARTS ov X Awd U,N U, # ¢, TWEN

THE OVERLAP NAPS ( OR COoORDINATE TRANSFORNATIONS ) ARE




Uy
|

17

. XS
e
— /

T

/
//—\\/ \“-’a

[

f 5
AN

€ o€, ! CQiUny,) —> € (U,AY,)

THESE ARE (VWVERSE ) HONEONORPHISNS THAT RELATE THE Nwo SETT

oF COORDINATES PROVIDED POINTS oF U, n U,

LET'S CONPUTE THE OVERLAP NAPS FoR (Ug €. ) AvD LU, ;)

o S',~

UnlU, = Sz-{m,sj

€U Uy ) = €, (Ugny, ) = R- oo}
-1

‘e,,oses : Rz- {(o,o)} — mz.{w,o;j

.ot : R o) —» R {00}



18,
E.G, FOR ¥ :iy'y') € R-{com}

-) .l
L‘f.sv'f” Jy) = '~esueN 'yt )

2y'! ayt - L
< (es ( 7 ) Y , | ”Y” )

14 nynt 14+ nynt 1+ nynt

2y 2yt
- 14 nyut 14+ nynt
" y
I I - NYlll |- "Y“l
T 1 aynt I - '+ ny it

.o ¢ SONE ALGEBRA )

13
)

Y’ yt /
( nynt '’ Nyt ) T nyn? 4

SINILARLY |
-t ]
(‘fno‘fs Jey) = ;'—y-:'-._y

EXERCISE IS © GENERALIZE ALL OF THIS T0 THE N- SPHERE, I.E., DEFINE
STEREo GRAPHIC PROJECTION CHARTS (Ug €. ) Avo LU, ¢, )

n
FRon THE NORTH AND SOUTH POLES oF S AVD FInvD THE

OVERLAP NNPS,



9
EYERCISE 1L : DEFINE ANVOTHER CHART C(U,€) on §° By “PRotecning
70 OPEN LPPER HENISPHERE VERTICALLY Down , I.E.,
S T z 3
U={u'xix*)e S 1 x  ve }
t
€: U &R
€ ex'xix¥) = o\ xt)
2
SHow THAT THIS REALLY 1S A CHART ow S  AND THEN CONPUTE ITS

OVERLAP NAPS wity LU, ¢, ) BEING PARTICULARLY CAREFUL ABOLT

- -)
THE DonAmvS ©oF ‘CS o € " Ao € o ‘(’s

EXERCISE 17 :  PROVE THAT EVERY OPEN) INTERVAL IV IR 1S HONEONORPIFIC

™ R.

d
EXERCISE 18 . PROVE THAT EVERy d- oren BALL Uc (P) W A NETRIC

space (X,d ) 1S ACTUALLY AN OPEN SET v THE NETRIC TOPOLOGY,



